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1 Introduction

In many economic and financial applications, the underlying scientific problems concern
whether the distributions of two samples, and more generally multiple samples, are the same,
without imposing any parametric assumption on the underlying populations. Despite its central
role in statistical inference and applications, testing the equality of two or multiple distributions
may be restrictive in some scenarios where we would like to know if more refined structural
relations exist between the populations of interest.

Of particular interest is the question whether the two or multiple distributions are simply
location, scale, or location-scale transformations of each other. For illustration, we focus the
discussion on the two samples problem in the following. We denote by Y and X the two random
variables under study. If Y has the same distribution as X — #; for some unspecified location
parameter ¢, € R, then Y is a location transformation of X. If Y has the same distribution as
X /0 for some unspecified scale parameter #; > 0, then Y is a scale transformation of X. If Y
has the same distribution as (X — 6;)/6 for some 6; € R and 65 > 0, then Y is a location-scale
transformation of X. Several generalizations of the classical two samples tests to the location-
scale families have been investigated in the literature. For example, Hall et al. (2013) propose
an extension of the Cramér—von Mises type test based on empirical characteristic functions to
examine whether the two samples come from the same location-scale family of distributions.
Henze et al. (2005) and Jiménez-Gamero et al. (2017) deal with the two samples location
problem using similar test statistics.

There has also been considerable attention devoted to testing location-scale transformations
in the classical two samples treatment-control problem as formulated by Doksum (1974) and
Lehmann and D’Abrera (1975). The null hypotheses of interest are whether the corresponding
treatment induces a location shift, a scale shift, or a location-scale shift in the potential outcome
distribution. Specifically, let the two random variables Y and X now represent the control and
experimental outcomes from a randomized experiment, with distribution functions G and F,
respectively. Then it is possible that the two distributions differ only by a location shift, so
F(z) = G(z — 61), or that they differ by a scale shift, so F'(z) = G(z/62), or that they differ by a
location-scale shift, so F'(x) = G((x — 61)/62). In particular, Cox (1984) defines that there exists
a “constant treatment effect” if the location shift hypothesis is satisfied. Several methods have
been considered to deal with the nuisance parameters such as ¢; and 65 in the above problems.
Koenker and Xiao (2002) suggest tests of the location transformation and the location-scale
transformation based on Khmaladze (1981)’s martingale transformation in the framework of
quantile treatment effects. Ding et al. (2016) focus on the location shift hypothesis with the
average treatment effect acting as a nuisance parameter (i.e., 1) and propose a randomization-
based test for the null hypothesis of no treatment effect heterogeneity. More recently, for the
same problem of testing heterogeneous treatment effects, Chung and Olivares (2021) propose
a permutation test based on the Khmaladze’s martingale transformation to tackle the estimated

nuisance parameter, Ramirez-Cuellar (2021) suggests a new test using empirical characteristic



functions, and Chung and Olivares (2022) develop a permutation test based on a modified
quantile process. Lastly, we mention that testing the location-scale shift hypothesis is interesting
in the context of local quantile treatment effects; see, e.g., Melly and Wiithrich (2017) for a
detailed discussion.

Transformations such as the aforementioned location and scale ones are obviously para-
metric transformations between two random variables. Though the present paper focuses on
location and scale transformations, the proposed method can be applied to general paramet-
ric transformations. The unknown location and scale parameters act as nuisance parameters,
which need to be taken into account properly in the corresponding test procedures. Classical
approaches may meet theoretical difficulties as the estimation of nuisance parameters intro-
duces extra uncertainty. In addition, these approaches usually operate in a case-dependent
manner; that is, different theories and implementation procedures are required for testing dif-
ferent transformations. For example, the existing theories and implementation procedures for
testing location, scale, or location-scale transformations are different. Even for testing the same
transformation, different methods of estimating the nuisance parameters would produce differ-
ent limit distributions and test results. Thus, from both theoretical and practical aspects, it is
desirable to develop alternative methods that can circumvent these concerns.

The proposed approach successfully avoids the need to estimate the nuisance parameters,
and thus offers a robust diagnostic device to deal with the generalized two samples and multiple
samples problems. We summarize the main features of the proposed test as follows: (i) It is
case-independent; (ii) it is asymptotically size controlled and consistent against a broad class
of alternatives to the null while being free of the estimation of the nuisance parameters; (iii) it
works for both independent (multiple) samples and paired samples; and (iv) the bootstrap test
procedure is simple.

Related Literature

There exist a substantial number of tests for the problem of comparing two or multiple
distributions. See, for example, Lehmann and Romano (2005) and Chen and Pokojovy (2018)
for extensive reviews of them. Historically, the most popular and most commonly used two
or multiple samples tests are those based on comparing empirical distribution functions. See,
for example, the Kolmogorov-Smirnov, the Cramér-von Mises, and the Anderson-Darling tests
by Smirnov (1939), Lehmann (1951), Rosenblatt (1952), Darling (1957), Kiefer (1959), Fisz
(1960), Anderson (1962), and Scholz and Stephens (1987). Another class of tests are based
on empirical characteristic functions. See, for example, Epps and Singleton (1986), Alba et al.
(2001), Meintanis (2005), and Fernandez et al. (2008). For more contributions on the topic
of two or multiple samples problems based on various approaches, see, for example, Anderson
et al. (1994), Székely et al. (2004), Zhang and Wu (2007), Martinez-Camblor and de Uda-
Alvarez (2009), Bera et al. (2013), Goldman and Kaplan (2018), Chen (2020), and Song and
Xiao (2022). The list is surely not exhaustive.

The critical values of our test are constructed based on the numerical bootstrap methods

proposed by Hong and Li (2018) and Chen and Fang (2019b), who provide a novel methodology



for nonstandard testing issues. More discussions on this topic can be found in Diimbgen (1993),
Andrews (2000), Hirano and Porter (2012), Hansen (2017), and Fang and Santos (2018). Other
applications of related bootstrap methods can be found in Beare and Moon (2015), Beare and
Fang (2017), Seo (2018), Beare and Shi (2019), Chen and Fang (2019a), Sun and Beare (2021),
and Sun (2021).

Organization of the Paper

For independent interests, the paper discusses testing transformations on two CDFs and
on multiple CDFs in two separate sections. Section 2 provides the framework and develops
theoretical results for testing general parametric transformations in the context of two samples.
Section 3 generalizes the results to transformations on multiple samples. Section 4 provides
Monte Carlo simulation evidence to show the performance of the test on finite samples. In
Section 5, we apply the proposed test to analyze age distributions. Section 6 concludes the
paper. All the mathematical proofs are collected in the Online Supplementary Appendix.

Notation

Throughout the paper, all the random elements are defined on a probability space (2, %, P).
Let F' and G be two unknown continuous CDFs on R. Let i be the Lebesgue measure on (R, %g),
where % denotes the collection of Borel sets in R. For an arbitrary set A, let /°°(A) be the set
of bounded real valued functions on A. Equip ¢*°(A) with the supremum norm ||-||  such that
| fllo = supgea |f(z)| for every f € £>°(A). For a subset B of a metric space, let C(B) be the set
of continuous real valued functions on B, and C;,(B) be the set of bounded continuous functions
on B, that is, C,(B) = C(B) N ¢*°(B). Following the notation of van der Vaart and Wellner
(1996), for every normed space B with a norm ||-||5, we define

BLi(B)={I':B—R:|I'(a)] <land |I'(a) —T'(b)| < |la — b||g foralla,b € B}.

Let ~» denote the weak convergence defined in van der Vaart and Wellner (1996, p. 4). Let L8
and %5 denote the weak convergence conditional on the sample in probability and almost surely,
respectively, as defined in Kosorok (2008, pp. 19-20). For every continuous CDF f € Cp(R),
let W, denote a tight Borel measurable centered Gaussian process with covariance function
E[Wg¢ (1) Wy (22)] = f (1 Ax2) — f(21) f(22) forall 21,22 € R.

For every measure v on (R, #g), let LP(v) be the set of functions such that
LP(v) = {f R—>R: / [f(2)]F dv(z) < oo}
R

with p > 1. Equip LP(v) with the norm ||-|| ., such that

w0 = { [ U@ du<w>}1/p

for every f € LP(v). Let IF be an arbitrary vector space equipped with a norm || - |r. For every
C C F and every ¢ > 0, define the e-neighborhood of C' to be

Ce = eF:inf | f— <egs.
{oer il <<}



2 Transformations on Two CDFs

In this section, we consider parametric transformations between two random variables X
and Y, with respective CDFs F' and G. Though our empirical focus is on the location-scale
transformation, for the sake of theoretical generality, we present the results for general para-
metric transformations that include the location-scale transformation as a special case. To begin
with, let ¢ be a space of functions that can be identified by a finite-dimensional parameter
6 € © C R% for some dy € Z, that is,

%z{g(-,&):R—)R:HG@CRd‘)},
where g : R x © — R is a known function. We are interested in the hypothesis

Hy : For some 0 € ©, F(z) = G (g(x,0)) forall x € R. 1)

The parameter # in (1) is the nuisance parameter we need to consider in the test. A leading

example of g(z, 0) is as follows.

Example 2.1: (Location-scale Transformation) Suppose that Y is equivalent to (X — 6)/62
in distribution for some 6; € R and 6, € R,. Then, the CDFs of X and Y satisfy

Fo)=P(X <2) =P (20 < 220 _p(y o 220) (220
0 0 02 0

Let © = [a1,b1] X [ag,be], where —co < a1 < by < oo and 0 < az < by < co. In this case, the

parameter § = (61, 62) € ©, and the function

g(z,0) =2 ;291 forall z € R and all § € ©.

Validating location-scale transformations is important for conducting causal inference in ran-

domized experiments, as already discussed in the introduction. In particular, testing for the
presence of idiosyncratic treatment effect heterogeneity is often achieved by testing whether
the location transformation F(z) = G(z — 6;) is satisfied for an unknown constant #;. That
is, testing whether the distribution functions of the potential outcomes in the treatment and
the control groups are shifted by 6;; see, e.g., Ding et al. (2016), Chung and Olivares (2021),
Ramirez-Cuellar (2021), and Chung and Olivares (2022). Also, testing scale transformation
F(z) = G(x/02) or location-scale transformation F'(z) = G((x — 61)/62) is indispensable to the
analysis of quantile treatment effects as well motivated by Koenker and Xiao (2002).

Another important economic application of location-scale transformations of random vari-
ables can be found in decision theory. Meyer (1987) shows that the location-scale transforma-
tion restriction is sufficient to ensure consistency between expected utility and moment-based
rankings of random variables, and this restriction holds in many economic models. Indeed, as
pointed out in Meyer (1987), the location-scale condition is empirically important and needs to
be tested to explain the similarities in findings using expected utility and mean-standard devi-
ation techniques. In practice, if we are interested in groups of individuals who share the same

distributions in the same groups, the location-scale restriction can be tested using our approach.

Example 2.2: (Location-scale Transformation for Log-transformed Data) Suppose that we

consider the log-transformed random variables Z; = log X and Z; = logY and wish to test



whether Z, has the same distribution as (Z; — 6,)/6, for some 6; € R and 0, € R,.. Clearly, we
can use the location-scale transformation test for Z; and Z; introduced in Example 2.1. That
71 and Z, satisfy the location-scale transformation is equivalent to that the CDFs of the original

random variables X and Y satisfy

F)=P(X <a) =P (B2 =0 182 20) _p 1o,y L8220
92 92 92

:[P(Yg (g)ﬂ :G((%)"j for all z > 0. 2

Let © = [a1,b1] X [ag,be], where —co < a1 < by < oo and 0 < as < by < co. In this case, the

parameter 6 = (6;,62) € ©, and the function

g(x,0) = (gl)% forall z > 0 and all € ©. 3)
As a result, we can also use the proposed method to test the transformation g(z, ) defined in
(3) for the original random variables. We note that log-transformed data has been widely used
in economics, social psychology, biomedical science, and many other disciplines to deal with

highly skewed data and make data conform to normality.

Let v be a probability measure on (R, %r). We first introduce the following assumptions.

Assumption 2.1: For every 6 € O, the function = — ¢(z, 6) is continuous and increasing.

Assumption 2.2: The probability measure v on (R, %) satisfies u < v, that is, if v(B) =0
for some B € %p, then u(B) = 0.

Assumption 2.3: The set © is compact in R%,

Assumption 2.4: For every f € Cp(R), the map 6 — f(g(,0)), from © to L?(v), is continu-
ous. That is, for an arbitrary fixed 6, € © and every ¢ > 0, there exists § > 0 such that

/R F (9(2,0)) — £ (gla60))]2 dv(e) < ¢
for all § € © with [|0 — 6], < 9.

Assumption 2.1 shows that we focus on the transformations that are continuous and increas-
ing. Assumption 2.2 requires the absolute continuity of the Lebesgue measure u with respect
to the probability measure v. For example, v could be set to be the probability measure of a
normally distributed random variable. Assumption 2.3 is a common condition on the compact-
ness of ©. Assumption 2.4 imposes restrictions on the structure of ¢ under the measure v. One
sufficient condition for Assumption 2.4 is that g(x, -) is continuous on © for every z.

Define a function space

Do = {p € L°(RxO): 0 ¢(-,0), as a map from O to L*(v), is continuous} .
In the definition of D, the continuity of the map 6 — (-, 0) is understood in the sense that for

every 0y € © and every € > 0, there exists § > 0 such that
[ @0 = o w00 du(a) <<
for all # € © with ||§ — 6y||, < 0. For every f : R — R, we defineamap fog: Rx© — R



such that f o g(z,0) = f(g(x,0)) for every (z,0) € R x ©. Define ¢ : R x © — R with ¢(z,0) =
F(z) — G(g(x,0)) for every (z,0) € R x ©. The proposition below provides an equivalent
characterization of the null hypothesis in (1). We construct the test based on this equivalent
characterization. The advantage of this characterization is that it avoids the estimation of the

nuisance parameter # under the null.

Proposition 2.1: If Assumptions 2.1-2.4 hold, then the null hypothesis in (1) is equivalent

to

: mf/ (F(z) — G (g, 0))]2 du(z) = 0. @

0c®

It is noteworthy that different measures v may deliver different power properties of the test.
However, searching for the optimal v to maximize power is challenging since it may depend in a
very complicated way on the data generating process. We provide an empirical way of choosing

v in practice, which is illustrated in Section 5.

2.1 Test Statistic

To construct the test statistic, we first introduce the assumptions on the samples. Suppose

that {X;}!, is a random sample drawn from F, and {Y;}.?, is a random sample drawn from G.

Assumption 2.5: The samples {X;}"!, and {Y;}.2, satisfy one of the conditions below:

(i) Independent samples: {X;}, and {Y;};?, are independently and identically distributed

samples, and they are independent of each other.

(ii) Matched pairs: n; = no and {(X;,Y;)};, is independently and identically distributed.
For every ¢ € {1,...,n1}, the two-dlmensmnal random vector (X;,Y;) has a cumulative

distribution function H, whose marginal distribution functions are F' and G.
Assumption 2.6: The ratio ny/n — X € (0,1) as n — oo, where n = nq + no.

Assumption 2.5 allows the samples to be independent of each other or matched pairs. In
Assumption 2.6, nq and n, are viewed as functions of n. As n — oo, n; — oo and ny — oco. For
matched pairs, A = 1/2 by construction.

Define a function space
Dy = {gp ELP(RxO): / [p(2,0)]* div(x) < oo for all § e @} )
R

Define a map £ on D such that £(y) = infoeo [ [¢(, 0)]*> dv(z) for every ¢ € D;. Then under
Assumptions 2.1-2.4, the null and the alternative hypotheses can be expressed as

Hp: £(¢) =0and H; : L(¢) > 0. (5)
To test the null hypothesis in (5), we need to find an estimator for ¢ based on the samples.
The cumulative distribution functions F' and G can be estimated by the empirical distribution

functions fm and @m, respectively, such that for every x € R,

an]l( 00,z] z' Ell'ldC;n2 nzZ]l( 0,z i-



In the matched pairs case, the joint CDF H for (X;,Y;) can be estimated by

~

1 &
Hpy, (x, y) = n_l Z ]l(foo,m]x(foo,y} (Xz'a sz)
i=1
for all x,y € R. For every x € R and every 0 € O, let
on(@,0) = Fp, (x) = Gy (9(x,0)) = Foy () = Gy © g(, ), 6)
and we set the test statistic to be Tnﬁ(an), where T, = nyng/n.

Example 2.1 (Cont.): To test the location-scale transformation, classical methods would

rely on the following two samples empirical process with estimated parameters:

Sn(z) = /T, (ﬁm(x) — G, (z - 91)) forall z € R,

02

where 6, and 6, are suitable v/T},-consistent estimators for 6; and 65, respectively. For example,
a popular choice is that 52 = ox /oy and 51 = Qx — é\gﬁy, where 1x and [y are the sample
means, and ox and oy are the sample standard deviations. It can be shown that, uniformly in

rz eR,

5.(0) =VEs (Furo) = 6o (5.21) ) # gt (52 ) Vs (5 - 01)
1 -0 -0 ~
+ 9_2fG <'I 92 1) - 92 1\/1Tn<92 - 92) +Op(1)a

where f is the density function of the CDF G. The first term of the above uniform decompo-

sition is the infeasible two samples empirical process for testing a simple null hypothesis if 6,
and 6, were known. The second and third terms represent the so-called “parameter estimation
uncertainty” when 6; and 6, are unspecified and need to be estimated from the data by some
6: and 6,. Moreover, to derive the limit distribution of S,, under the null, asymptotically linear
representations of \/Tn(gl — 61) and \/Tn(é\z — 0y) are often required. Different estimators for
#; and 6, may lead to different limit distributions and thus different test results. The unknown
density function fq appearing in the decomposition may also cause technical complications. In
contrast, the proposed method avoids the estimation of #; and 65, and therefore circumvents

these issues.

Lemma 2.1 establishes the weak convergence of \/Tn(quSn —¢)in (R x ©) as n — co.

Lemma 2.1: Under Assumptions 2.5 and 2.6, we have
V(60— ¢) ~ Go in (R x ©)
as n — oo, where Gy is a tight random element with Var(Gy(z,0)) = Var{y/1 - AWp(z) —
VA(Wgog)(z,0)} for every (z,0) € RxO. For the independent samples case, W is independent
of W¢. For the matched pairs case, (Wg, W) is jointly Gaussian with E [Wg (1) Wq (22)] =
H (z1,22) — F(21) G (z2) for all z;,29 € R. If, in addition, Assumption 2.4 holds, then
P(Go € Dgo) = 1.

Next, we show that the map £ is Hadamard directionally differentiable,! but its Hadamard

!See the definition of Hadamard directional differentiability in Definition A.1.
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directional derivative is degenerate under Hy. Define Dy = {¢ € Do : L(p) = 0}.
Lemma 2.2: If Assumptions 2.3 and 2.4 hold, then £ is Hadamard directionally differen-
tiable at ¢ € D, tangentially to D,y with the Hadamard directional derivative
L, (h) =2 inf / z,0)h(x,0) dv(z) for all h € Dyy,
40 =2, it | 6. 0)b(a.6) dv(a) 0

where O¢(¢) = argmingcg [ [¢(x,0)])? dv(z). Moreover, if ¢ € Dy, then the derivative Ly is
well defined on the whole of £°(R x ©) with L], (h) = 0 for every h € {>°(R x ©).

The first order degeneracy of £ under Hy implies that we may need to find the second order
Hadamard directional derivative? of £. We assume the following conditions to guarantee the

existence of the second order Hadamard directional derivative of L.

Assumption 2.7: The function G o g is twice differentiable with respect to 6, and the second

partial derivative satisfies

/ sup
R 0O

where ||-||, denotes the ¢? operator norm of a matrix.

0*(G o g)(2,9)

59007 dv(z) < oo, (7

2

(z,9)=(z,0)

Assumption 2.8: Theset Oy ={0 € O : [; [¢(x,0)]* dv(z) = 0} C int(O), and there exist
some « € (0,1] and some C' > 0 such that for all small ¢ > 0,

inf { /R 6z, 0))° du(x)}l/Q > Cen. ®)

0€0\05

We provide Assumptions 2.7 and 2.8 following the basic idea of Chen and Fang (2019b).
Assumption 2.7 requires the boundedness of the second partial derivative of G o g in the sense of
(7). Assumption 2.8 requires that the set © is in the interior of © and it is well separated. The
condition in (8) is similar to the partial identification assumption used in Chernozhukov et al.
(2007, p. 1265). Clearly, these high level conditions exclude some empirical applications, such
as the cases where F' and G are CDFs of discrete random variables. But it is worth noting that
these conditions are sufficient but not necessary for our results, as also mentioned by Chen and
Fang (2019b). We need such high level conditions for theoretical purposes. In Section 4 for the
Monte Carlo simulations, we show that our methods work well in cases where such conditions
do not hold.

Lemma 2.3: If Assumptions 2.3, 2.4, 2.7, and 2.8 hold, and ¢ € Dy, then the function £
is second order Hadamard directionally differentiable at ¢ tangentially to Do with the second
order Hadamard directional derivative

2
£/h) = inf  inf ||[®"0)] v+ 20 for all h € Do,
¢( ) 961510(@ ve\}?a(h))H[ ( )] v+ A )HLQ(V) ore £

where ®() : R — R% with
' (0)(x) = — 9Go9)(z ) for every (z,60) € R x O,
gy (z,9)=(z,0)

V(a) = {veR% : ||lv|, < a} for all @ > 0, the number a(h) > 0 satisfies that Ca(h)" = 3 ||h/|

2See the definition of second order Hadamard directional differentiability in Definition A.2.

9



with C' and « defined as in Assumption 2.8, and 77 : © — (*°(R) with .7 (0)(z) = h(z,0) for
every (z,0) € R x ©.

Remark 2.1: Lemma 2.3 provides the explicit expression of the complicated second order
Hadamard directional derivative of £. We employ a numerical method that does not need to

explore this function form.

With Lemma 2.3, the asymptotic null distribution of the test statistic E(&n) is obtained by
applying the second order delta method.

Proposition 2.2: If Assumptions 2.1-2.8 hold and Hj, is true (¢ € D), then
T L) ~ L} (Gp) asn — oo.

2.2 The Bootstrap

The distribution of L} (Go) in Proposition 2.2 is unknown because both the function £ and
the stochastic process G depend on the unknown underlying distributions F' and GG. Motivated
by Hong and Li (2018) and Chen and Fang (2019b), we propose to approximate £g by a con-
sistent estimator and approximate the distribution of G( by bootstrap. We use the numerical

second order Hadamard directional derivative EAZ to approximate £, which is defined as
Eg(h) _ £(¢n + Tn};) — £(¢n)

Tn

for all h € />°(R x ©), where {7, } is a sequence of tuning parameters satisfying the assumption

below.

Assumption 2.9: {7,} C R, is a sequence of scalars such that 7,, | 0 and 7,1/7T,, — oo as

n — oQ.

Assumption 2.9 provides the rate at which 7,, | 0. Under this condition, we show that EAZ

approximates Eg well in the following lemma.
Lemma 2.4: If Assumptions 2.1-2.9 hold and Hj is true (¢ € D), then for every sequence
{hn} C £>°(R x ©) and every h € D, such that h,, — h in /*°(R x ©) as n — oo, we have
L (hy) L L}(h) asn — oo.

We approximate the distribution of G via bootstrap. Let { X/}, and {Y;*}"2, be the boot-

)

strap samples satisfying the following conditions:

(i) For independent samples: Given the raw samples {X;}!, and {Y;};?,, the bootstrap sam-
ples {X}", and {Y;*};?, are i.i.d. samples drawn independently from the empirical dis-

tributions ﬁm and @m, respectively.

(i) For matched pairs: Given the raw sample {(X;, Y;)};"!,, the bootstrap sample {( X/, Y;*)}\,

7

is an i.i.d. sample drawn from the empirical distribution f[nl.

10



Define
—iiﬂ (X}) and G ( 121 (Y7)
= n at (—00,z] i T - oom]

for every z € R. Let QAS,’;(x,H) = ﬁ;l (x) — @;2 (g(x,0)) for every (z,0) € R x ©.

Lemma 2.5: If Assumptions 2.5 and 2.6 hold, then
swp [E[T(VTu (65— 6a) )| £X0H L (612 | —EID Go)l| 5 0

IeBL; (£ (Rx©))

and / n(gbn - qbn) is asymptotically measurable as n — oo.

With a consistent estimator £/ for L7 and a suitable bootstrap approximation v/ Tn(qAb,’; - $n)
for Gg at hand, we can naturally approximate the distribution of E;’) (Gop) by the conditional

distribution of the bootstrap test statistic £ VT, qﬁn )} given the raw samples.

Proposition 2.3: If Assumptions 2.1-2.9 hold and Hj, is true (¢ € D), then

sup [E [T (£7 [V (8= &) | ) |{X0H2 A¥iH2 ] —E [T (£ (G0)] | & 0

I'eBL; (R)
asn — oo.

2.3 Asymptotic Properties

Now we construct the test for the null hypothesis Hy. For a given level of significance « €
(0,1), define the bootstrap critical value
G =inf{ceR:P (L [T, (67 dn)| < c( X, (Vi) 21— o}
In practice, we approximate ¢;_,, by computing the 1 — a quantile of the np independently
generated bootstrap test statistics, with np chosen as large as is computationally convenient.
We reject Hy if and only if Tnﬁ(an) > Ci—q,n- The following theorem shows that the proposed

test is asymptotically size controlled and consistent.

Theorem 2.1: Suppose that Assumptions 2.1-2.9 hold.

(i) If Hy is true and the CDF of £g (Gyp) is strictly increasing and continuous at its 1 — «

quantile, then
lim P <T £(¢n) >l an) = q.

n—oo
(i) If Hy is false, then
lim P <T £(¢n) >l an) =1.

n—oo

2.3.1 Local Power

In this section, we consider the local power of the test following the discussion in Chen and
Fang (2019b). We first consider the independent samples case. For all n; and no, let {X;}!,
and {Y;};?, be distributed according to probability distributions P,, and P»,, respectively. That
is, Pi,(B) = P(X; € B) and P»,(B) = P(Y; € B) for all B € %r. We suppose that Hy is
false for each {Pi,, P»,}, that is, for all § € O, P, ((—o0,x]) # Pa,((—o0, g(z,0)]) for some

x € R. Suppose that Pj,, converges (in a way as described in the following assumption) to some
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probability measure P; with j € {1,2}, and that {P;, P>} satisfies Hy, that is, for some 6 € ©,
Py ((—00,z]) = Pa((—o00,g(z,0)]) for all x € R. Under this setting, we set F'(z) = Py((—o0,z])
and G(x) = Pa((—o0,z]) for all z € R, and ¢(x,0) = F(z) — G(g(z,0)) for all (z,6) € R x ©.

Assumption 2.10: The probability distributions P;,, and P; with j € {1, 2} satisfy that

1 2
lim (m {def ~dp}/ 2} ~ 50 de”) =0 9

n—oo

for some measurable function v;y, where deIT{Q and del/ % denote the square roots of the densi-

ties of Pj,, and P;, respectively.

ni
1=

ing to probability distribution P,. Thatis, P,(B) = P((X;,Y;) € B) for all B € $y2, where By

denotes the collection of Borel sets in R?. We suppose that Hy is false for each P,, that is, for all

We next consider the matched pairs case. For each n, let {(X;, Y;)};"; be distributed accord-

0 €0, P((—00,z] x R) # P,(R x (—00, g(z,0)]) for some = € R. Suppose that P, converges
(in a way as described in the following assumption) to some probability measure P, and that
P satisfies H, that is, for some 6§ € ©, P((—oo,z] x R) = P(R X (—o0,g(x,#)]) for all z € R.
Under this setting, we set F'(x) = P((—o0,z] x R) and G(z) = P(R x (—o0,z]) for all z € R,
and ¢(z,0) = F(z) — G(g(z,0)) for all (z,0) € R x O.

Assumption 2.11: The probability distributions P,, and P satisfy that

2
lim <\/n—1 {dpg/2 - dPl/Q} - %vo dP1/2> =0 (10)

n—oo

for some measurable function vy, where dPﬁ/ 2 and dP'/2 denote the square roots of the densities

of P, and P, respectively.

Our local power results rely on Assumptions 2.10 and 2.11, which are similar to (3.10.10)
in van der Vaart and Wellner (1996). For every probability measure () and every measurable

function h, we define
Qh = / hdqQ. (11)
The following proposition states formally the local power property of the test.

Proposition 2.4: Suppose that Assumptions 2.1-2.9 hold.

(i) For independent samples, if Assumption 2.10 holds, then \/T}, ((Zn — ¢) ~» Go + ¢ p, where
Gy is some tight random element, and
¥p(2,0) = V1= APIL(_ oo 2010 — VAP L(_ o g0 V20
for all (z,0) € R x ©. Let ¢1_, denote the 1 — « quantile of L(Gy). Then it follows that
lim inf P <Tn£($n) > a_avn) > P(L(Go + ¥p) > c1-a)-

n—oo

(i) For matched pairs, if Assumption 2.11 holds, then \/Tn(qAbn — ¢) ~ Go + ¥p, where Gy is

some tight random element, and

wP(wv 9) =V 1/2 ) P(]l(—oom&]xR - ]le(—oo,g(x,G)})UO
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for all (z,0) € R x ©. Let ¢, denote the 1 — a quantile of L(Gy). Then it follows that
lim inf P (Tnz($n) > afa,n) > P(LY(Go + ¥p) > c1-a)-

n—oo

Proposition 2.4 follows the constructions in Theorem A.1 of Chen and Fang (2019b) and

provides lower bounds for the power of the test under local perturbations to the null.

3 Transformations on Multiple CDFs

As mentioned in the introduction, the problem of comparing multiple distributions has at-
tracted much attention since the 1950s and has continued to be an important research topic.
In this section, we consider testing general parametric transformations on multiple CDFs and
generalize the results in Section 2 to multiple samples. Towards this end, let '\ G1,...,Gk for
some K > 2 be unknown continuous CDFs on R. Let ©, C R% for every k € {1,...,K}
with dy, € Z;. Let © = ©1 x --- x Ok equipped with a norm | - [ k2 such that for every
(01,...,0K) €O,

X 1/2
(01, ..., 0k )| 2 = <Z HM!%) -
k=1

Forevery k € {1,...,K}, let gr : Rx©); — R be some prespecified function. The null hypothesis

of interest is

HO : For some (91, e ,HK) S @, F(m) = Gl(gl(x,ﬁl)) =...= GK(gK(x,HK)) for all z € R.
(12)
The parameter (61,...,0x) in (12) is the nuisance parameter we need to take into account in
the test.

Example 3.1: (Location-scale Transformations on Multiple CDFs) For every k € {1,..., K},
suppose that Y}, is equivalent to (X — 6j1)/0y2 in distribution for some 0;; € R and ;2 € R,.
Then the CDFs of X and Y, satisfy

F(m):p(XSx):P<X—9k1 < x—9k1> =P<Yk§ x—9k1> e (x—@;ﬂ).
0k2 0k2 0k2 9k2

For every k € {1,...,K}, let Oy = [ak1,br1] X [ake, br2], where —co < ap; < bxy < oo and

0 < age < bga < 00. Let © = ©1 x--- x O. In this case, for every k € {1,..., K}, the parameter

0 = (0k1,0k2) € O, and the function
x — O

gk (z,0F) = for all x € R and all §;, € ©,,.

Let v be a probability measure on (R, r). We now introduce the following assumptions for
the transformations on multiple CDFs.
Assumption 3.1: For every k € {1,..., K} and every 0 € O, the function = — gi(x, ) is

continuous and increasing.

Assumption 3.2: The probability measure v on (R, %) satisfies u < v, that is, if v(B) =0
for some B € %, then u(B) = 0.
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Assumption 3.3: The set O}, is compact in R%x for every k € {1,...,K}.

Assumption 3.4: For every f € C,(R) and every k, the map 0y — f(gx(-,0x)), from Oy, to
L?(v), is continuous. That is, for an arbitrary fixed 6;q € © and every ¢ > 0, there exists § > 0
such that

/R F (9. 60)) — f (g, 600))]? dur(z) < &

for all 6, € ©, with [|0;, — Oxol|, < 6.

Assumptions 3.1-3.4 are generalizations of Assumptions 2.1-2.4 in Section 2 for transfor-
mations on multiple CDFs. For every k € {1,..., K}, define a function space

Dy = {gok € (®(R x Oy) : 0, — ¢i(-,0;), as a map from O, to L?(v), is continuous} )
Then we define D,y = Hszl Drk. For every k € {1,...,K} and every f : R — R, we define
amap fog,: R x O, — R such that f o gi(z,0r) = f(gr(x,0;)) for every (z,0;) € R x O.
Define a map ¢y, : R x O — R for every k such that ¢y (x, 0x) = F(z) — Gk (gx(x, 0x)) for every
(z,0;) € R x Oy. Define ¢ : R x © — R such that ¢(x,0) = (¢1(x,61),...,dx(z,0k)) for every
(z,0) € Rx O, where § = (01,...,0k) and ), € O for every k. The proposition below provides

an equivalent characterization of the null hypothesis in (12).

Proposition 3.1: If Assumptions 3.1-3.4 hold, then the null hypothesis in (12) is equivalent

to

inf /RZ — G (gi(z, 0:)))? dv(z) = 0. (13)

(01,..,0K)€EO

3.1 Test Statistic

Suppose that {X;}"*, is a random sample drawn from F, and {Y};}."*, is a random sample

drawn from Gy, for every k € {1,..., K}.

Assumption 3.5: Each of the samples { X}, , {Y1:}:2 , ..., {Yki}. X is independently and
identically distributed, and the samples {X;}"*, , {Y1;};,, ..., {Yk:};. are jointly independent.

Assumption 3.6: The ratios n,/n — A, € (0,1) and nx/n — A\ € (0,1) as n — oo for every

k,wheren =n, +ny+ -+ ng.

Assumption 3.5 requires the multiple samples to be jointly independent. In Assumption 3.6,
n, and n; are viewed as functions of n. As n — oo, n; — oo and ny — oo for every k.

Define a function space

DL—{(gpl, ..,QDK EHf Rx@k /RZ gpkxek (:c)<ooforall(91,...,9K)6@}.
k=1

Define a map £ on D, such that £(¢) = infpeo [ Zle [or(z,0)]* dv(zx) for every ¢ € Dp
with ¢ = (p1,...,¢Kx) and 0 = (64, ...,0k). Then under Assumptions 3.1-3.4, the null and the

alternative hypotheses can be expressed as

Ho: L(¢) =0and Hy : L(¢) > 0.
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The CDFs F' and G}, can be estimated by the empirical distribution functions such that for every
x € R and every £,

ng
E,( = Zl L( 0o (X;) and G, (2) nik ; Lo 0] (Yii) -
For every z € R and every § € © with 0 = (61, ...,0k), let
Gnk(2,0r) = Fr, (2) = Gy (g5 (2. 6k)) and G (2, 60) = (Dna(2,61). ... Snrc (2,010)),
and set the test statistic to be TnE(QASn), where T, = n, - Hle(nk/n)

Lemma 3.1: Under Assumptions 3.5 and 3.6, we have
K

VTa(fn — ¢) ~ Goin J] £(R x ©y)
k=1
as n — oo, where Gy is a tight random element. If, in addition, Assumption 3.4 holds, then

P(GO S ID)L()) =1.

Next, we show that the map £ is Hadamard directionally differentiable, but its Hadamard

directional derivative is also degenerate under Hy. Define Dy = {¢ € D : L(p) = 0}.

Lemma 3.2: If Assumptions 3.3 and 3.4 hold, then £ is Hadamard directionally differen-
tiable at ¢ € D tangentially to Do with the Hadamard directional derivative

L (h) =2 f / Or)h 0r) d forallh € D ith h = (hy,...,h
o(h) 961&)@) R;%w k)b (,0r) dv(z) for a co Wi (h1, ..., hi),
where O (¢) = argmingcg [p Zk:l (o1 (x,0,)]* dv(z). Moreover, if ¢ € Dy, then the derivative
L7, is well defined on the whole of [T, ¢°°(R x ©y,) with Ly (h) = 0 for every h € [T, °°(R x
Ok).

We now provide high level conditions for the existence of the second order Hadamard direc-
tional derivative of L.

Assumption 3.7: For every k € {1,..., K}, the function G}, o gy, is twice differentiable with

respect to 0, and the second partial derivative satisfies

/ sup 0?(Gy, 0 gr)(2,9)
R 0,€0

89,0
Assumption 3.8: Theset Oy = {0 € O : [, S, ¢k (,0x)]? dv(z) = 0} C int(©), and there

exist some « € (0, 1] and some C > 0 such that for all small € > 0,

1/2
inf Or) 24 > Ce”.
pebos {/RZ b1 (@, Ok)] V(CU)} > Ce

k=1

2
dv(z) < 0. 14
(z.9%)=(2.0k) ll2

Assumptions 3.7-3.8 are generalized versions of Assumptions 2.7-2.8 for the transforma-
tions on multiple samples. We denote [[;_, L?(v) by L% (v). Define a norm || - 2.y on L (v)

such that for every o € L% (v) with ¢ = (¢1,...,¥K),

v)

X 1/2
1912 () = {Z HWH%%V)} = (1l 2@ys - -5 10Kl 2e)l2-
k=1
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For every € © with § = (61,...,0x), define &} (6;) : R — R% such that

P}, (0r)(z) = — GGl Oa‘(i;c)(z’ﬁk) for every x € R.
k (Zvﬂk):(xﬂk)

Let ®'(0,v) = (@} (61)Tv1,..., % (0k) Tvk) for every = (0y,...,0k) € © and every v =
(1)1, - ,?)K) S Hle Rdek .
Lemma 3.3: If Assumptions 3.3, 3.4, 3.7, and 3.8 hold and ¢ € Dy, then the function £

is second order Hadamard directionally differentiable at ¢ tangentially to D,y with the second

order Hadamard directional derivative

" . . ! 2 . o
s(h) = Geglof(@ Ug}r(laf(h)) |®'(6,v) + %”(H)HL%((V) for all h € Do with h = (hy, ..., hk),

where V(a) = {v € [[i_;R% : |v||go < a} for all ¢ > 0, the number a(h) > 0 satisfies
that Ca(h)® = 3{>°1_, ||hs||%,}'/? with C and « defined as in Assumption 3.8, and .#(0)(z) =
(hi(x,61),...,hKg(z,0K)) for every (z,60) € R x © with 0 = (0y,...,0K).

With Lemma 3.3, the asymptotic distribution of the test statistic E(ngSn) under the null is
obtained by applying the second order delta method.

Proposition 3.2: If Assumptions 3.1-3.8 hold and Hj is true (¢ € D), then
T, L(¢n) ~ L1 (Go) asn — oo.

3.2 The Bootstrap

We use the numerical second order Hadamard directional derivative EA;; proposed by Hong
and Li (2018) and Chen and Fang (2019b) to approximate E;’), which is defined as

) L(bn +Toh) — LDy,
2 (h) = (¢ +772) (¢n)

for all h € Hszl (R x ©y), where {7,,} is a sequence of tuning parameters satisfying the

assumption below.

Assumption 3.9: {7,} C R, is a sequence of scalars such that 7,, | 0 and 7,1/7T,, — oo as

7 — Q.

The next lemma establishes the consistency of £".

Lemma 3.4: If Assumptions 3.1-3.9 hold and Hj is true (¢ € D), then for every sequence
{hn} C TIi_, £=(R x ©}) and every h € D such that h,, — hin [[i_, (R x ©}) as n — oo,
we have

L (hy) LN Ly (h) asn — oco.

We approximate the distribution of Gy via bootstrap. Given the raw samples
{Xihiz, ViadiZy - Yk} s let the bootstrap samples {({ X7}y (Y B2 {ViG B

be jointly independent, and drawn independently and identically from the empirical distribu-
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~ ~

tions ﬁnx, Gm, N E respectively Define for every = € R and every k,

ns
ng
Fr(0) = Z o) (1) 404 G 0) = 103 21 ().
For every k, let gb;;k(x,ﬂk) = ﬁnl (x) — G;‘lk (9x(z,0y)) for every x € R and every 0, € Oj. Let
On = (Bns 2 Ohke)-
Lemma 3.5: If Assumptions 3.5 and 3.6 hold, then

sup \E T (VT (B = 6n) ) [ (X0 V0 Y| — BT (Go)]

FeBLl(HkK_léw(RXQ )
LN 0, and /T, qﬁn is asymptotically measurable as n — oo.
The distribution of L7 (Go) can be approximated by the conditional distribution of the boot-
strap test statistic EA’TQ{\/Tn(qAS,’; - $n)} given the raw samples.

Proposition 3.3: If Assumptions 3.1-3.9 hold and Hj is true (¢ € Dy), then
sup  [E [T (21 [T (61— 8) | ) |13z (Vb2 o AViHES | — E [T (25 (Go)]|

I'eBL; (R)

P
— 0asn — oo.

3.3 Asymptotic Properties

For a given level of significance o € (0, 1), define the bootstrap critical value
Gan =it {ceR:P (2] [V (3 - dn)] < [ (XaHy Vb (Viah) 21— o}

We reject Hy if and only if Tnﬁ(an) > Cl—a,n- The next theorem shows that the proposed test is

asymptotically size controlled and consistent.

Theorem 3.1: Suppose that Assumptions 3.1-3.9 hold.

(i) If Hy is true and the CDF of £g (Gyp) is strictly increasing and continuous at its 1 — «

quantile, then
lim P <T E(qbn) > Cl— an) = q.

n—oo

(i) If Hy is false, then

n—oo

lim P <T E(qbn) > Cl— an) =1.

The local power results for comparisons of multiple CDFs can be obtained analogously under

settings similar to those in Section 2.3.1.

4 Simulation Studies

In this section, we conduct Monte Carlo experiments to investigate the finite sample prop-
erties of the proposed test, whose critical values are obtained through a numerical bootstrap.
The significance level is set to be & = 0.05. We consider sample sizes ni,ns € {500, 1000, 1500}.

In line with the previous notation, the two samples to be tested are denoted by {X;}!; and
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{Y;};2,, respectively. Define the following covariance matrix
1 05 0.5
3= (05 1 0
0.5 O 1
We choose the tuning parameter 7,, from the set {0.01,0.02,...,0.25}. The warp-speed method
of Giacomini et al. (2013) is employed with 1,000 Monte Carlo iterations and 1,000 bootstrap

iterations in each simulation.

4.1 Parametric Transformation for Continuous Random Variables

In the first experiment, we consider continuous random variables and the location-scale
transformation

{g(x,e) = m;—zel :—02<6,<02, 2792 <p, < 20-2} . (15)

The probability measure v is set to be a normal distribution with mean 0 and standard deviation
5/3. We let X; ~ N(0,1), Z; ~ N(0,1), and U; ~ Unif[—3,3]. For independent samples,
{X:}+2y, {Z:}2,, and {U;}2, are jointly independent; and for matched pairs, the dependence
structure of (X;, Z;,U;) is characterized by a Gaussian copula with the covariance matrix ;.
There are four data generating processes of {Y;}2;:

e DGP (0) (nulD): V; = Z,.

* DGP (1) (alternative): Y; = 0.57; + 0.5U;.

* DGP (2) (alternative): Y; = 0.257; + 0.75U;.

e DGP (3) (alternative): Y; = Uj;.

DGP (0) satisfies the null hypothesis, and DGPs (1)-(3) satisfy the alternative hypothesis with
their “distances” to the null arranged in ascending order.

The empirical sizes and powers are displayed in Tables 2a and 2b for independent samples
and matched pairs, respectively. The results show that our test has good empirical sizes and is
relatively insensitive to the choice of 7,,, especially when 7,, falls in the range of [0.07,0.1]. The
empirical power results show that our test is powerful, and the power increases as the “distance”

to the null increases or as the sample size increases.

4.2 Parametric Transformation for Discrete Random Variables

Although the cases of discrete random variables are excluded from our theoretical analysis,
we use simulation evidence to show that the proposed test also works well for CDFs of discrete
random variables. In the second experiment, we consider discrete random variables and the
location-scale transformation g(x, ) defined in (15). The probability measure v is set to be a
normal distribution with mean 5 and standard deviation 5. We let X; ~ Unif{1,2,...,10}, U; ~
Unif{1,2,...,10}, and V; ~ Unif{1,2,...,10}. For independent samples, {X;}"*,, {U;}2,, and
{Vi}72, are jointly independent; and for matched pairs, the dependence structure of (X;, U;, V;)
is characterized by a Gaussian copula with the covariance matrix 3. There are four data gen-

erating processes of {Y;}2;:
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DGP (0) (nulD): Y; = U;.

DGP (1) (alternative): Y; = 0.9U; + 0.1V;.

DGP (2) (alternative): Y; = 0.75U; + 0.25V;.

DGP (3) (alternative): Y; = 0.5U; + 0.5V;.

DGP (0) satisfies the null hypothesis, and DGPs (1)-(3) satisfy the alternative hypothesis with

their “distances” to the null arranged in ascending order.

The results shown in Table 1a suggest that the empirical sizes are reasonably close to the
nominal size when 7, falls in the range of [0.05,0.06] for independent samples. The results
shown in Table 1b suggest that for matched pairs, the test has good empirical sizes when 7, falls
in the range of [0.07,0.09]. Overall, the power performance of our test is satisfactory; as the

“distance” to the null increases or as the sample size increases, the empirical power increases.

5 Empirical Application

In this section, we revisit the empirical application of Bera et al. (2013). To find evidence of
any existence of the adverse selection death spiral, Bera et al. (2013) compare the state of New
York, where legislation for enforcing “community rating” (premium fixed by community and
not by risk category) was enacted in 1993, with Pennsylvania, where no such legislation was
enacted. The authors test for differences between the age distributions of adult individuals who
were covered by group insurance policies sponsored by employers with 100 or fewer employees
before and after 1993. The data are from the 1987-1996 March Current Population Survey.
For New York, there are 4,548 observations before 1993, and 2,517 observations after 1993.
For Pennsylvania, there are 3,113 observations before 1993, and 1,875 observations after 1993.
Bera et al. (2013) apply their smooth test for equality of distributions to these age data sets and
conclude that the population age distributions before and after 1993 in both states are different
irrespective of the community rating legislation. They find that the sources of the differences are
mainly through the first (location) and second (scale) order moments, while the contributions
of the third (skewness) and fourth (kurtosis) order moments are very small.

Given Bera et al. (2013)’s findings, an interesting question to ask is whether the age dis-
tributions are the same if the location and scale differences have been taken into account. In
the following, we use the data sets of Bera et al. (2013) and our unified test to re-examine
the differences between the age distributions. Instead of testing the equality of the distribu-
tions, we consider the null hypothesis that the age distribution after 1993 is a location, scale, or
location-scale transformation of that before 1993.

For testing the location transformation, we set

g(z,0) =2 — 0 with§ € © = [-2,0.5].
For testing the scale transformation, we set
g(x,0) = xz/6 with § € © = [0.5, 2].
For testing the location-scale transformation, we set
g(x,0) = (x —01)/ 02 with 0 = (61,02) € © = [-2,0.5] x [0.5,2].
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Let M be a number slightly less than minj<;<,, X;, and M be a number slightly greater than
maxi<;<n, Xi. We then suggest setting the measure v as a normal distribution with mean (M +
M) /2 and standard deviation (M — M)/6, which is A/(41,7.67%) in this empirical application.
We note that this choice of v guarantees that its integration over the range of the observations
of X is approximately 1.

To select the tuning parameter 7,,, we perform the following sample-based Monte Carlo
simulations. Let Gyy,; and Gny 2 be the empirical age distributions before and after 1993 in
New York, respectively. Let Gpa 1 and Gpa 2 be the empirical age distributions before and after
1993 in Pennsylvania, respectively. Let nnxy,; and nyy 2 be the sample sizes before and after
1993 in New York, npa; and npa 2 be the sample sizes before and after 1993 in Pennsylvania.
For every transformation we consider, every state j € {NY,PA}, and every ¢ € {1,2}, we
independently draw samples {X;}”] and {Y;};”; from G;, and perform the test using a set of
tuning parameters. The significance level is set to be « = 0.05. We repeat the above procedure
1,000 times and compute the rejection rates. Then we pick the smallest tuning parameters that
yield rejection rates closest to but no larger than «. For every transformation we consider and
every state j € {NY,PA}, we obtain two tuning parameters, which are shown in boldface in
Table 3.

We then study the power of the proposed test under the selected tuning parameters. We use
the same alternative DGPs and settings as those in Section 4.1. The sample sizes are set to be
those of the age data sets. For New York, n; = 4548 and ny = 2517. For Pennsylvania, n; = 3113
and ny, = 1875. Table 4 shows that the selected tuning parameters yield rejection rates close to
1 in most cases.

We next use the tuning parameters selected above to perform the test for location and/or
scale transformations on age distributions. Moreover, we choose the number of bootstrap sam-
ples np € {1000, 5000,10000} to assess the stability of the test across different np. Table 5
reports the bootstrap p-values of the proposed test. The results suggest that the age distribu-
tions before and after 1993 are indeed different for both states, even if we have allowed for the
location-scale transformation. These results do not provide strong evidence that the legislation
affects the age distributions. In addition, the test results in Table 5 are quite insensitive to the
number of bootstrap samples np. The test results have interesting implications, besides that
the population age distributions before and after 1993 in both states do not belong to the same
location-scale family. As a matter of fact, when the location-scale effect has been controlled for,
if the distributional differences are still significant, the null hypothesis of the same location-scale
family is rejected most possibly due to the differences in higher order moments, for example,

skewness or kurtosis.

6 Conclusion

This paper provides a simple unified framework for testing general parametric transforma-

tions on two (and multiple) CDFs in the presence of unknown nuisance parameters. The test
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is motivated from a new characterization of the null that avoids the estimation of nuisance pa-
rameters. The test is shown to possess good asymptotic properties and perform well on finite
samples. Finally, we apply the proposed test with the age data sets to demonstrate its applica-
tion in practice. Extensions of our unified framework to testing other problems with nuisance

parameters may deserve further study.
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Table 1: Rejection Rates for Discrete Random Variables with Location-scale Transformation

DGP ni n2 =

0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12

500 500 0.001 0.005 0.019 0.042 0.071 0.091 0.109 0.139 0.167 0.185
500 1,000 0.004 0.012 0.034 0.045 0.071 0.091 0.113 0.130 0.158 0.186
500 1,500 0.006 0.020 0.030 0.050 0.067 0.094 0.122 0.150 0.178 0.189
1,000 500 0.001 0.015 0.028 0.042 0.066 0.093 0.122 0.144 0.165 0.176
(0) 1,000 1,000 0.010 0.019 0.025 0.044 0.057 0.076 0.107 0.135 0.156 0.173
1,000 1,500 0.014 0.021 0.029 0.045 0.061 0.094 0.120 0.142 0.164 0.179
1,500 500 0.003 0.012 0.022 0.031 0.051 0.077 0.107 0.124 0.144 0.154
1,500 1,000 0.011 0.023 0.041 0.051 0.073 0.099 0.115 0.141 0.154 0.160
1,500 1,500 0.021 0.031 0.041 0.055 0.066 0.087 0.113 0.139 0.178 0.198

500 500 0.007 0.022 0.062 0.137 0.223 0.278 0.334 0.389 0.444 0.485

500 1,000 0.015 0.063 0.144 0.209 0.304 0.368 0.447 0.549 0.613 0.674

500 1,500 0.025 0.082 0.170 0.265 0.375 0.459 0.519 0.583 0.637 0.669

1,000 500 0.012 0.052 0.159 0.253 0.334 0.408 0.473 0.545 0.594 0.631

(1) 1,000 1,000 0.055 0.179 0.352 0498 0.585 0.656 0.712 0.755 0.792 0.820
1,000 1,500 0.128 0.280 0.470 0.618 0.723 0.782 0.839 0.888 0.908 0.921

1,500 500 0.028 0.093 0.178 0.261 0.344 0.405 0.486 0.571 0.602 0.657

1,500 1,000 0.143 0.330 0.501 0.633 0.719 0.799 0.851 0.877 0.896 0.904

1,500 1,500 0.329 0.525 0.715 0.824 0.881 0.915 0.939 0.955 0.959 0.965

500 500 0.318 0.661 0.841 0.923 0.967 0.981 0.992 0.995 0.996 0.997
500 1,000 0.679 0.937 0.984 0.990 0.995 0.997 0.998 0.999 1.000 1.000
500 1,500 0.811 0.962 0.988 0.994 0.999 1.000 1.000 1.000 1.000 1.000
1,000 500 0.752 0.961 0.991 0.996 1.000 1.000 1.000 1.000 1.000 1.000
(2) 1,000 1,000 0.994 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,000 1,500 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,500 500 0.933 0.989 0.998 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,500 1,000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,500 1,500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

500 500 0.860 0.984 0.998 0.999 1.000 1.000 1.000 1.000 1.000 1.000
500 1,000 0.991 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
500 1,500 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,000 500 0.996 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(3 1,000 1,000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,000 1,500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,500 500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,500 1,000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,500 1,500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

(a) Independent Samples

Tn

DGP ni n2

0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12

500 500 0.002 0.003 0.008 0.012 0.018 0.031 0.051 0.067 0.080 0.089
(0) 1,000 1,000 0.003 0.006 0.009 0.011 0.025 0.034 0.050 0.060 0.070 0.080
1,500 1,500 0.011 0.019 0.027 0.037 0.042 0.049 0.063 0.074 0.094 0.112

500 500 0.009 0.037 0.100 0.170 0.236 0.315 0.385 0.446 0.494 0.533
(1) 1,000 1,000 0.140 0.298 0.462 0.626 0.737 0.795 0.835 0.870 0.905 0.912
1,500 1,500 0.497 0.737 0.890 0.934 0.963 0.980 0.986 0.992 0.994 0.996

500 500 0.654 0.925 0982 0.995 1.000 1.000 1.000 1.000 1.000 1.000
(2) 1,000 1,000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,500 1,500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

500 500 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(3 1,000 1,000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,500 1,500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

(b) Matched Pairs
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Table 2: Rejection Rates for Continuous Random Variables with Location-scale Transformation

Tn

0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14 0.15
500 500 0.006 0.011 0.011 0.014 0.011 0.011 0.011 0.006 0.004 0.002

500 1,000 0.011 0.014 0.015 0.015 0.012 0.011 0.011 0.009 0.006 0.005

500 1,500 0.020 0.025 0.027 0.026 0.020 0.019 0.011 0.009 0.009 0.009

1,000 500 0.012 0.015 0.016 0.016 0.016 0.015 0.013 0.010 0.009 0.005

) 1,000 1,000 0.025 0.028 0.028 0.028 0.022 0.015 0.013 0.010 0.006 0.005
1,000 1,500 0.023 0.027 0.027 0.027 0.028 0.026 0.021 0.016 0.013 0.010

1,500 500 0.015 0.015 0.015 0.015 0.014 0.013 0.012 0.012 0.009 0.006

1,500 1,000 0.026 0.032 0.034 0.034 0.031 0.026 0.025 0.021 0.020 0.010

1,500 1,500 0.040 0.046 0.048 0.045 0.045 0.036 0.026 0.023 0.022 0.016

500 500 0.041 0.057 0.063 0.068 0.074 0.074 0.064 0.063 0.063 0.061

500 1,000 0.125 0.153 0.186 0.198 0.209 0.219 0.201 0.196 0.193 0.158

500 1,500 0.147 0.185 0.208 0.222 0.223 0.219 0.208 0.188 0.174 0.154

1,000 500 0.117 0.139 0.172 0.172 0.153 0.155 0.152 0.138 0.139 0.129

(@8] 1,000 1,000 0.318 0.356 0.379 0.407 0.429 0.429 0.442 0.434 0.411 0.369
1,000 1,500 0.421 0.467 0.476 0.522 0.534 0.535 0.553 0.535 0.527 0.481

1,500 500 0.133 0.177 0.200 0.232 0.240 0.233 0.235 0.220 0.187 0.144

1,500 1,000 0.487 0.550 0.593 0.613 0.605 0.598 0.598 0.601 0.598 0.543

1,500 1,500 0.638 0.667 0.689 0.691 0.688 0.702 0.663 0.642 0.619 0.591

500 500 0.865 0.935 0.968 0.980 0.985 0.988 0.992 0.994 0.995 0.995

500 1,000 0.992 0.996 0.996 0.997 0.998 0.998 0.999 0.999 0.999 0.999

500 1,500 0.996 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000

1,000 500 0.987 0.993 0.995 0.996 0.999 0.999 1.000 1.000 1.000 1.000

(3] 1,000 1,000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,000 1,500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

1,500 500 0.998 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000

1,500 1,000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

1,500 1,500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

500 500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

500 1,000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

500 1,500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

1,000 500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

3) 1,000 1,000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,000 1,500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

1,500 500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

1,500 1,000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

1,500 1,500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

DGP ni n2

(a) Independent Samples

Tn
0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14 0.15
500 500 0.016 0.018 0.022 0.027 0.027 0.029 0.031 0.030 0.031 0.031
(0) 1,000 1,000 0.014 0.017 0.021 0.023 0.024 0.024 0.023 0.021 0.023 0.023
1,500 1,500 0.030 0.042 0.045 0.048 0.046 0.046 0.046 0.045 0.042 0.037
500 500 0.067 0.089 0.120 0.142 0.153 0.159 0.182 0.193 0.200 0.202
(1) 1,000 1,000 0.458 0.516 0.582 0.596 0.628 0.662 0.656 0.693 0.709 0.718
1,500 1,500 0.796 0.838 0.863 0.877 0.880 0.884 0.888 0.893 0.895 0.893
500 500 0.953 0.984 0.995 0997 0998 0.999 0.999 0.999 0.999 0.999
(2) 1,000 1,000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,500 1,500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
500 500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(3 1,000 1,000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1,500 1,500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

DGP ni n2

(b) Matched Pairs
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Table 3: Tuning Parameters and Rejection Rates in Sample-based Simulations

State New York Pennsylvania
L 1 2 1 2
Transformation Tn Tn Tn Tn

0.050 0.028 0.065 0.044 0.047 0.044 0.053 0.046
0.051 0.028 0.066 0.044 0.048 0.045 0.054 0.046
0.052 0.029 0.067 0.044 0.049 0.045 0.055 0.046
0.053 0.030 0.068 0.046 0.050 0.047 0.056 0.046
0.054 0.031 0.069 0.047 0.051 0.046 0.057 0.047
Location 0.055 0.031 0.070 0.047 0.052 0.048 0.058 0.047
0.056 0.032 0.071 0.048 0.053 0.051 0.059 0.051
0.057 0.032 0.072 0.048 0.054 0.052 0.060 0.051
0.058 0.032 0.073 0.047 0.055 0.052 0.061 0.051
0.059 0.032 0.074 0.047 0.056 0.052 0.062 0.052
0.060 0.031 0.075 0.046 0.057 0.052 0.063 0.052
0.019 0.012 0.018 0.004 0.025 0.017 0.020 0.006
0.020 0.014 0.019 0.009 0.026 0.024 0.021 0.011
0.021 0.019 0.020 0.014 0.027 0.031 0.022 0.015
0.022 0.026 0.021 0.023 0.028 0.033 0.023 0.019
0.023 0.031 0.022 0.030 0.029 0.038 0.024 0.025
Scale 0.024 0.044 0.023 0.042 0.030 0.047 0.025 0.039
0.025 0.063 0.024 0.059 0.031 0.055 0.026 0.050
0.026 0.095 0.025 0.086 0.032 0.068 0.027 0.053
0.027 0.118 0.026 0.117 0.033 0.076 0.028 0.062
0.028 0.150 0.027 0.128 0.034 0.084 0.029 0.086
0.029 0.199 0.028 0.153 0.035 0.091 0.030 0.092
0.016 0.005 0.015 0.003 0.022 0.009 0.020 0.008
0.017 0.005 0.016 0.004 0.023 0.015 0.021 0.011
0.018 0.009 0.017 0.012 0.024 0.018 0.022 0.014
0.019 0.015 0.018 0.019 0.025 0.019 0.023 0.022
0.020 0.029 0.019 0.030 0.026 0.023 0.024 0.030
Location-scale ~ 0.021 0.043 0.020 0.036 0.027 0.038 0.025 0.047
0.022 0.076 0.021 0.061 0.028 0.051 0.026 0.065
0.023 0.091 0.022 0.072 0.029 0.064 0.027 0.070
0.024 0.126 0.023 0.085 0.030 0.092 0.028 0.088
0.025 0.152 0.024 0.093 0.031 0.101 0.029 0.096
0.026 0.190 0.025 0.122 0.032 0.113 0.030 0.118

Table 4: Empirical Power of the Test under the Selected Tuning Parameters

State  Transformation Tn DGP (1) DGP (2) DGP (3)

Location-scale  0.027 0.646 1.000 1.000
Location-scale 0.025 0.592 1.000 1.000

NY Location 0.056 0.960 1.000 1.000
NY Location 0.071 0.982 1.000 1.000
NY Scale 0.024 0.147 1.000 1.000
NY Scale 0.023 0.139 1.000 1.000
NY Location-scale 0.021 0.757 1.000 1.000
NY Location-scale 0.020 0.729 1.000 1.000
PA Location 0.052 0.866 1.000 1.000
PA Location 0.057 0.888 1.000 1.000
PA Scale 0.030 0.048 1.000 1.000
PA Scale 0.026 0.028 1.000 1.000
PA

PA
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Table 5: Bootstrap p-values of the Proposed Test for Age Distributions

Location-scale  0.027 0.0820 0.027 0.0768 0.027 0.0795
Location-scale  0.025 0.0930 0.025 0.0922 0.025 0.0952

State  Transformation np = 1000 ns = 5000 ns = 10000
Tn p-value Tn p-value Tn p-value
NY Location 0.056 0.0030 0.056 0.0052 0.056 0.0041
NY Location 0.071 0.0050 0.071 0.0068 0.071 0.0077
NY Scale 0.024 0.0030 0.024 0.0064 0.024 0.0089
NY Scale 0.023 0.0100 0.023 0.0084 0.023 0.0101
NY Location-scale  0.021 0.0290 0.021 0.0272 0.021 0.0275
NY Location-scale  0.020 0.0500 0.020 0.0300 0.020 0.0315
PA Location 0.052 0.0970 0.052 0.0746 0.052 0.0798
PA Location 0.057 0.0850 0.057 0.0818 0.057 0.0798
PA Scale 0.030 0.0040 0.030 0.0046 0.030 0.0040
PA Scale 0.026 0.0040 0.026 0.0056 0.026 0.0081
PA
PA
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The supplementary appendix consists of two sections. Section A provides basic concepts and

auxiliary lemmas. Section B contains the proofs for Sections 2-3 in the paper.

Appendix A Concepts and Auxiliary Results

We first introduce the Hadamard directional differentiability following Definition A.1(ii) of
Chen and Fang (2019), which is equivalent to the condition (2.10) of Shapiro (2000).

Definition A.1: Let H and K be normed spaces equipped with norms ||-||;; and ||-||x, respec-
tively, and F : Hr C H — K. The map F is said to be Hadamard directionally differentiable
at ¢ € Hxr tangentially to a set Hy C H, if there is a continuous and positively homogeneous of
degree one map .7-"(;5 : Hy — K such that
F (¢ +tohy) — F (9) _0

tn K
holds for all sequences {h,,} € H and {t¢,} C Ry such that ¢, | 0, h,, — h € Hy as n — oo, and

¢ + t,h, € HF for all n.

lim

n—o0

= Fo(h)

For the second order Hadamard directional differentiability, we introduce Definition A.2(ii)
of Chen and Fang (2019), which is equivalent to the condition (2.14) of Shapiro (2000).

Definition A.2: Let H and K be normed spaces equipped with norms ||-||; and ||-||, respec-
tively, and F : Hr C H — K. Suppose that F : Hr — K is Hadamard directionally differentiable
tangentially to Hy C H such that the derivative 7 : Hy — K is well defined on H. We say that
F is second order Hadamard directionally differentiable at ¢ € Hr tangentially to H if there is



a continuous and positively homogeneous of degree two map F (;’ : Hp — K such that
]:(¢ + 75nhn) - ]:(gb) - tn-/—:(; (hn)

=0
t

K
holds for all sequences {h,,} € H and {t¢,} C Ry such that ¢, | 0, h,, — h € Hy as n — oo, and

¢ + t,h, € Hf for all n.

lim
n—oo

— Fg(h)

To establish the weak convergence of \/Tn(gn — ¢) as n — oo, we need the following lemma.

Lemma A.1: Let H = {h¢ : { € =} be a class of real valued functions indexed by Z. Assume
that ¢, @1, p9,... are random elements taking values in ¢*°(#). For every ¢ € = and every
n € Z4, define o(&) = ¢ (he) and 0,(§) = vn (he). If @, ~> @ in (°(H) as n — oo, then g, ~ o

in (*°(2) as n — oo.

Proof of Lemma A.1: Define amap Z : (*°(H) — ¢>°(Z) such that Z(0)(§) = ¥ (h¢) for every
v € (>°(H) and every £ € Z. Then 7 is continuous on its domain. Indeed, for all J;,95 € ¢>°(H),

1Z (1) = Z(92)ll = Sup |Z(01) (§) =T (02) (§)] = Sup 91 (he) — U2 (he)|

< sup [01(h) = D2(h)| = (|01 — Dal| -
heH

By Theorem 1.3.6 (continuous mapping) of van der Vaart and Wellner (1996), we have
on =L (on) ~ L(p) = 0 iIn L7(E)
asn — oo. U
The next lemma is an analog of Lemma A.1 for the almost sure weak convergence conditional

on the sample.

Lemma A.2: Let H = {h¢ : { € =} be a class of real valued functions indexed by Z. Assume
that ¢ is a tight random element taking values in ¢*°(#), and that for every n € Z,, Z, is a
random sample of size n and ¢,, is a random element taking values in ¢>°(H). For every ¢ € E
and every n € Z,, define o(&§) = ¢ (h¢) and 0,(§) = ¢n (he). If @y, 2% pasn — oo, then g, ¥ o
as n — oo. Moreover, if {¢,} is asymptotically measurable, then {p,} is also asymptotically

measurable.

Proof of Lemma A.2: Define amap Z : (*°(H) — ¢>°(Z) such that Z(9)(§) = v (he) for every

¥ € £°°(H) and every £ € =. As shown in the proof of Lemma A.1, for all ¥, 95 € £°°(H),
1Z (01) = Z(92)ll o < 191 = P2l
which implies the Lipschitz continuity of Z. The almost sure weak convergence of p,, condi-
tional on Z,, follows from Proposition 10.7(ii) of Kosorok (2008). The asymptotic measurability

follows from the continuity of 7. O



Appendix B Proof of Main Results

B.1 Proofs for Section 2

Lemma B.1: If o1, s € Dy, then a1¢q + asps € Dy for all aq, as € R, and the functions
0 [ L@ )? dvlx)and 0 [ o1(a.0)pa(0.0) ()
R R

are continuous on ©.

Proof of Lemma B.1: For all p1,p2 € Do and all a1,a2 € R, let M = [jp1] o V [|e2] o V
2a? \V 2a3. By the definition of D, for every §p € © and every € > 0, there exists § (g,e) > 0
such that

/R[901 (,0) — o1 (,60)) dv(z) v /R 02 (2,0) — @2 (2,00)) dv(z) < ﬁ A [ﬁr

whenever || — ||, < 6 (6o, ¢).

To show the first claim, note that
/ la101(2,0) + azpa(x,0) — a1y (x,00) — asps (z,600)]° dv(x)
R

€+€_€
2_

[\

< 22 / [o1(2,0) — 91 (2, 00)]? dv(a) + 203 / (oo, 0) — 3 (2, B0)]? du(a) <
R R

whenever || — ||, < d (6o, €). For the second claim, we have

‘/R[SOl(m,G)]Q dy(gc)_/R[gp1 (2, 00)]2 dv(z)

S/I[sol(xﬁ)ﬂm (,600)] [p1(,0) — 1 (2,00)]] dv(z)
R

< QM/R ’@1(1‘,9) —¥1 (1‘,90)’ dy(x) < QM\//R [@1(1‘,9) —¥1 (.%',90)]2 dl/(.%') <e

whenever || — 0|, < J (6o, <), where the third inequality follows from the convexity of square

functions and Jensen’s inequality. The third claim can be proved analogously, since

/ 1 (1, 0)ps (2, 0) dv(z) — / o1 (2.00) 02 (. 00) du(z)
R R

< /R "‘Pl(xv 6) [@2(1'7 6) — P2 (.%',90)] + 2 (.%',90) [@1(1’,9) — 1 (.%',90)” dl/(.%')

<M /R o1(2,0) — o1 (2, 00)] du(z) + M /R (oa(,0) — 2 (2, 60)| dv(z)

= M\//R [p1(@,0) = 1 (2,00)]” dv() + M\//R [pa(x,0) — @2 (2,600)]* dv(z) < e

whenever || — 0|, < J (6o, <), where the third inequality follows from the convexity of square
functions and Jensen’s inequality. O
Proof of Proposition 2.1: If F'(x) = G (g(z,0)) for all z € R with some 6§ € ©, then (4)
holds trivially.
Next, we show that (4) implies (1). Recall that p is the Lebesgue measure on (R, %g). Since
G € Cp(R), Assumption 2.4 implies that Go g € D and hence ¢ € D,y by Lemma B.1. Also, by
Lemma B.1, the function 6 — [, [F(x) — G (g(x, 0))]* dv(z) is continuous on ©. By Assumption



2.3, there exists 6 € O such that

[ (P@) =G (gl ) dvta) = jut [ [Pla) = G (o(o. ) dvla) 0. ®BD)
Define A = {z e R: F(z) # G (g9(x,00))}. Then (B.1) implies that ©(A) = 0 by Proposition
2.16 of Folland (1999). By the assumption that y < v, u(4) = 0. We now claim that A =
@. Otherwise, there is an xy € R such that F' (zg) # G (g(x0,6p)). Since both F' and G are
continuous and g(-,6p) is continuous, there exists § > 0 such that F' (z) # G (g (z,6p)) for all
x € [zg,x0+ d]. This contradicts ;(A) = 0. Therefore, we have F(z) = G (g(x,0)) for all

z € R. O

Lemma B.2: Under Assumptions 2.5 and 2.6, we have

lim  sup $n(x, 0) — ¢(x, 6)‘ = 0 almost surely.

n—=00 (z.0)eRx O

Proof of Lemma B.2: By Theorem 19.1 of van der Vaart (1998), we have

Tl—)OO

ny (@) — F(x)‘ =0 and nh_)ngo sgﬂg ‘@m () — G(:c)‘ = 0 almost surely.

Note that for every (z,0) € R x O,

[Gra (9(a,0)) = G (9. 0))| < sup |Ga(2) — G(2)

)

which implies

lim sup
=00 (1 9)eRx O

‘@m (9(x,0)) — G (g(x, 9))‘ = 0 almost surely.
Then the desired result follows from the definitions of $,, and ¢. O

Proof of Lemma 2.1: Firstly, we show the weak convergence of /T, (qASn — ¢) for the inde-
pendent samples case. By Theorem 19.3 of van der Vaart (1998), we have

Vi (Fn, — F) ~ W in £°(R) and /nz(Gn, — G) ~ W in £2°(R)
as n — oo, where Wy and W are independent of each other. Define two classes of indicator
functions
G = {1(700,;):} (T € R} and Gy = {]1(—00,9(33,0)] t(x,0) e R x @}.

Let 37”2 be a stochastic process and y be a real valued function such that
Inalf) = - Z f(¥) and Y(f) = E[f (¥;)]

for every measurable f. By Example 2.5.4 of van der Vaart and Wellner (1996), G, is a Donsker
class. Therefore, \/n—Q(JAJm —Y) ~ Yin ¢*(G;) as n — oo, where Y is a tight measurable
centered Gaussian process with E[Y (f1)Y (f2)] = Y (fif2) — YV (f1) YV (f2) for all f1, fo € Gi.
Since G» C Gj, it follows that for every h € C,(¢*° (G2)), h € Cp(¢*° (G1)) and
Elh(v/2(Vn, = )] = E[A(Y)],

which implies \/71_2(37@ —Y) ~ Y in £> (Gy) as n — oo. It is easy to show that Gy, o g(z,6) =
37”2(]1(_0079(%9)}) and G o g(z,0) = V(1 (—so,g(x,9)) for every (z,0) € R x ©. Define a random
element W € (*°(R x ©) such that W (z,0) = Y(1(_u g(z,0)) for all (z,0) € R x ©. By Lemma
Al, /na(G Gy 0g—Gog) ~ Win £*°(R x ©) as n — co. By the independence between {X:
and {Y;};?,, Assumption 2.6 of this paper, and Example 1.4.6 of van der Vaart and Wellner



(1996), we have the joint weak convergence

{ \/T_f<F"1 _F) } - [mWF] in (°(R) x /(R x O)
\/TN(GMOg—Gog) VAW

asn — oo, where W and W are independent of each other. Define A = (*°(R) x /{*°(Rx 0), and
define the norm ||-||4 with [[(f, h)|[, = || f]loc + /7] for every (f,h) € A. LetZ: A — (>*(RxO)
be such that Z (f, h) (z,0) = f(z) — h(z,0) for every (f,h) € A and every (z,0) € R x ©. Note
that

IZ (fi,h1) =T (f2;h2)lle =  sup  [fi(z) — ha(2,0) — faz) + ha(z,0)]
(z,0)eRxO

<sup|fi(z) — fa(z)| + sup  |hai(=,0) — ha(z,0)] = |[(f1, h1) — (f2, h2)ll4
z€R (z,0)eERxO

forall (f1,h1), (f2, ha) € A, and therefore 7 is continuous. The weak convergence of v/T}, (¢, —¢)
to some tight Gy = v1 — A\Wy — /AW follows from Theorem 1.3.6 (continuous mapping) of
van der Vaart and Wellner (1996). Furthermore,

E{[(Wg o g) (x1,01)] [(Wg o g) (z2,02)]} = G'lg (z1,01) A g (z2,02)] — G [g (21,601)] G [g (22, 02)]

= Y (L(-sog(z1.00] L(-o09(e2.02)]) =V (L(-o09(1.00]) Y (L(-00g(w2.027]) = E[W (@1,01)W (w2, 05)]
for all (z1,6,), (z2,02) € R x O, which verifies the variance Var(Gy(z,6)) for every (z,0) €
R x ©.

Define a metric p, on G; such that for all x1, x5 € R,
P2 (1 ooen)s Lcoosnal) = E [(Y(L(—oo00)) = Y(I (Cooa))?] 2
By the discussion in Example 1.5.10 of van der Vaart and Wellner (1996), Y almost surely has a

po-uniformly continuous path on G;. Also, for all z1, 22 € R,
2
P2 (]]-(700,11}, ]]'(700,:)32}) =K [(Y(]l(foo,:vl]) - Y(]l(foo,mz}))Q]
=K [Y(]l(foo,mﬂ)ﬂ +E [Y(]l(foo,mz})ﬂ —2E [Y(]]-(foo,:vﬂ)y(]l(foo,xz])]

=V((L—oo] = Looma))?) = (V(L(—ooz1]) = Y(L(—ooma)))>-
This implies that
02 (]l(_oo,xk], 1(_00736]) —0aszp — x.
Let W (x) = Y(1(—x,)) for all x € R. Then almost surely, W is bounded and has a continuous
path on R. Note that W (z,0) = W o g(x,6) for all (z,0) € R x ©. Then by Assumption 2.4,
P(Go € Dgo) = 1.

Secondly, we show the weak convergence of /T, ((En — ¢) for the matched pairs case. Let
hep(v) = L(—ooa)xk (V1,V2) = IRy (—o0,g(x,0) (V1,v2) fOr every (z,0) € R x © and every v =
(v1,v2) € R2. Define four classes of functions on R:

Hi= {1 (coomxr: T € R}  Ho = {—Ipy(—oon 2 ER}, Hy ={h1+ha:hi € Hy,hy € Ha},

and H = {]l(—oo,x}xR — ]l]RX(—oo,g(a:,G)] : (1‘, 6) €eR x @} CHs.

Let V; = (X;,Y;) for i = 1,2,...,n;. Define 17111 to be a stochastic process and V to be a real



valued function with
= E f (Vi) and V(f) = E[f (V;)]
n1

for every measurable f. By Example 2.5.4 of van der Vaart and Wellner (1996), both #; and #,
are Donsker classes. Note that sup ey, 3, |V (f)| < 1, then by Example 2.10.7 and Theorem
2.10.1 of van der Vaart and Wellner (1996), H, and H are Donsker classes. Let Hy = Hi U
Ho U H,4. By Example 2.10.7 of van der Vaart and Wellner (1996), Hy is a Donsker class.
Therefore, \/71_1(17111 —V) ~» Vin (*(Hy) as n — oo, where V is a centered Gaussian process

with E [V (fl) V(fg)] =V (flfz) -V (fl) % (fg) for all fl, fg € Hy.

Under the assumption of matched pairs,

~ 1 &
gbn(x, 9) Z []]-(foo,:v} (XZ) ]]-( 00,9(x,0)] nl Z hy 9 (hx 0) )

n
121

and ¢(z,0) = E [1(_oo 4] (Xi) = L(—oo,g(a,0)] (Yi)] = E[hao (Vi)] =V (heo)
for all (z,6) € R x O. Define random elements W,,W € (*(R x O) with
W(2,0) = /111 (Vn, (hag) — V(hay)) and W (z,0) = V (h,) for every (z,6) € R x ©. Simi-
larly to the proof for the independent samples case, we can show that /n (9,“ —V) ~ Vin
(>®(H) as n — oo because H C Hy. By Lemma A.1, W,, ~ W in £*°(R x ©) as n — co. Thus, it
follows that \/Tn(g?bn — @) ~ Gy in £ (R x ©) with G = /1/2W as n — oc. Furthermore,

E{[Wr (z1) = Wg o g (21,61)] [Wr (22) — Wg 0 g (2,02)]}
=E[Wp (1) W (22)] = E[Wr (21) Wg 0 g (22,02)]
—E[Wp (22) We 0 g (21,601)] + E[We 0 g (21,01) We o g (22, 02)]
=F(z1 ANxg) — F(x1) F (z2) — H (z1,9 (2,02)) + F (21) G (g (z2,02))
— H (22,9 (21,601)) + F (22) G (9 (21,61)) + G (9 (x1,61) A g (2,02))
— G (g(21,01)) G (g (2,02))
= EA{ [1(—oo1] (Xi) = L(—oosg(aron)] (V)] [L(—oo,ma] (Xi) = L(—oog(aaray) (Yi)] }
—E [L(—oo,e1] (Xi) = L(—oo,ger,00)] (Yo)] E [1(Zoo,ay] (Xz) (—cosg(wa,02)] (Y3)]
=V (hay 0, h23,0,) =V (hay0,) V (hasy 0,) = E[W (21, 00)W (22, 62)]
for all (x1,6,), (2, 02) € Rx©, which verifies the variance Var(Go(z, 0)) for every (z,8) € RxO.
Let A C (°°(Hy) be the collection of all functions f € ¢>°(Hy) such that f(hy + ha) = f(h1) +

f(he) for all hy € Hy and all hy € H,. Let fi, € A such that f, — f for some f € (*°(Hy). Then
we have that for all h; € H; and all hy € Hs,

f(h1+ho) = klggo fr(h1 4+ ho) = klifolo{fk(hl) + fr(h2)} = f(h1) + f(h2).

This implies that A is closed. Since \/71_1(9n1 — V) ~ Vin £*°(Hy) and \/71_1(9n1 —V) € A, then
by Theorem 1.3.4(iii) (portmanteau) of van der Vaart and Wellner (1996), V € A almost surely.
This implies W (z,0) = V(1(_w z]xr) + V(=L (—o0,g(z,0)) almost surely.

Define a metric p, on H such that for all hy, hy € Hy,

pa (M, ha) = E [(V() — V(R2))?]/%.



By the discussion in Example 1.5.10 of van der Vaart and Wellner (1996), V almost surely has a

po-uniformly continuous path on Hy . Also, for all z1, 2z € R,
2
P2 (= LRy (—coe1]> —LRx(coa]) = E [(V(=Lrx(—00z1]) = V(= 1Rx(—c0,z9]))’]
=E [V(_le(foo,xl])Q] +E [V(_]]-Rx(foo,mz})z] —2E [V(_le(foo,:m])V(_]]-Rx(foo,mz})]

= V((Irx(—o0.21] = LRx(=o0,22])”) = V(IR (—00,21]) = V(1R (s0,22]))°-
This implies that
02 (_]l]RX(—oo,xk]’ —le(—oqm]) —0aszp — .

Let W(z) = V(~1Rrx(—o0,) for all z € R. Then almost surely, W is bounded and has a continu-
ous path on R. Note that W (z,0) = V(1(_ 4jxr) + W o g(z,0) for all (x,0) € R x ©. Then by
Assumption 2.4, P (Gg € Dgy) = 1. O

Proof of Lemma 2.2: Define a map S : D — ¢°°(0) such that for every ¢ € D, and every
0 e o,

S(@)0) = [ l¢(@0)? dv(o)
We show that the Hadamard directional derivative of S at ¢ € D is
S, (h)(0) = /R2<;S(a:,9)h(x,9) dv(z) for all h € Dyy.
Because F,G € C,(R), by Assumption 2.4 and Lemma B.1, S(¢) € C(©). Indeed, for all se-

quences {h,}>2, C (*°(R x ©) and {t,},., C Ry such that ¢, | 0, h,, = h € Dgp as n — oo,
and ¢ + t,h, € D for all n, we have that M = sup,,cz, |7, < oo, and

0O n
—sup | [ tah2(2,6) + 20(,6) [ha(2.6) ~ h(z. )] dv(x)
0co [JR

< / tnMQ +2H¢Hoo (| hn _hHoo dv(x) :7511]\42 +2H¢Hoo |hn — h”oo —0,
R

since ¢, | 0 and h,, — h in /(R x ©) as n — oc.

Define a function R such that for every ¢ € C(©), R(¢) = infypco ¢(6). By Lemma S.4.9 of
Fang and Santos (2019), R is Hadamard directionally differentiable at every ¢ € C(©) tangen-
tially to C(©) with the Hadamard directional derivative

Ry (f) = it J(0) forall f € C(O),

where ©§(¢)) = arg mingcg ¥(0).

Note that L(¢) = R[S(¢)] = R o S(p) for every ¢ € D,. By Proposition 3.6(i) of Shapiro
(1990), £ is Hadamard directionally differentiable at ¢ tangentially to D,y with the Hadamard
directional derivative

L, (h) =R Si(h)| = inf /2 x,0)h(x,0) dv(z) for all h € Dyg.
o(h) = Ris(g) [S5(n)] sceiso) Ju ¢(x,0)h(z,0) dv(z) o

Since ©j(S(¢)) = argmingeg [p [¢(, 0))* dv(x), the desired result follows.
Now we turn to the degeneracy of £, under the condition that ¢ € Dy. If ¢ € Dy, for every



0 € ©p(¢), we have
/R [6(x,0)] dv(z) =0,
and consequently ¢(x,0) = 0 holds for v-almost every x. Therefore, Efb(h) = 0 for every
h € (>°(R x ©) whenever ¢ € Dy. O
Proof of Lemma 2.3: Define ® : © — L?(v) such that ®(0)(z) = ¢(z,0) for every (z,0) €
R x ©. Then it is easy to show that

£(6) = jut [ [6le, 00 dv(@) = jnf [B(O)Ex( = O
and Oo(¢) = {6 € © : [[®(0)] 2,y = 0} = ©o. Consider all sequences {tn},2, C R4 and
{hn}>2; C £°(R x ©) such that ¢, | 0, h, — h € Dgo in (R x ©) as n — oo, and ¢ +
tnhn € Dy for all n. For notational simplicity, define /%, : © — L?(v) for every n € Z, such
that J%,(0)(x) = h,(x,0) for every (z,0) € R x O, and define 2# : © — L?(v) such that
H(0)(x) = h(zx,0) for every (z,6) € R x ©.

Since hy, — h € Dgo in £2°(R x ©), it follows that ||A[|,, V sup,cz, [|hnll,, = Mi for some
M; < oo. Then we have that

it [0(0) + A () 2,y + nf [9(6) + a0 (6)| 12,

0t () + a0 (0)l|2,) — Jnf [9(68) + ta X (O)l| 2,

<

inf ||®(0) + t,54,(0 inf [|®(0) 4+ t,7(0
96&(@11 (0) + ( )HLQ(V)+9€1®r10(¢)!! (0) + tn ()| L2(,))

- (tn sup [l 7,(6) — %«))HLQ@)
[I=C)

<2Mqt2 |[hy — bl = 0 (£2),

where the first inequality follows from the Lipschitz continuity of the supremum map and the
triangle inequality, and the second inequality follows from the fact that ® () = 0 v-almost
everywhere for every 6 € ©y(¢).

Then for the h, pick an a(h) > 0 such that Ca(h)” = 3||h||,, where C and « are defined as
in Assumption 2.8. For sufficiently large n € Z such that ¢ > ¢,,, we have that

inf ®(0) + t, (0
0€0\O(¢)a(Wtn 1(6) Oz )
o 96@\@1()r(1¢)a(h)tn ” ( )”LQ(V) + 96®\®l()r(1¢)a(h)tn |: H ( )HLQ(V)]
0€0\O0(g)alh)tn 1 )HLQ( ) 6c0\Go(p)eWin [172( )HL2( )
>C (a(h)tn)" —ty sup 1£O) 120y = 3 |1Blloo £ — t 1Bl

0€0\Op (¢)(M)tn

>t, inf [0 = inf [|®(0) + t, (0 > /L (6 +tah), B.2
gt ) 17 Ol 2y = inf I @O) + ta A (O)]] 2 (¢ +tnh) (B.2)

where the second inequality follows from Assumption 2.8.
By Lemma B.1 and the fact that ¢ € Do and h € Dy, the map 6 — ||P(0) + tn%(ﬁ)Hiz(y)

8



is continuous at every # € © for every n € Z,.. Since © and ©y(¢$)*)» are compact sets in R%,
it follows that
— mi 2
L6+ tah) = min [(6) + 17 (0) [,

= mi inf ®(0) + t,(0)]? ' () + tnH(0)]? .
win{ it 1900+ A O minJ00) + A O

This, together with (B.2), implies that

toh) = i () + t, I (0)]22,,, -
L(¢+tnh) . 19(0) + tn A (0) |12,

For every a > 0, let Vi(a) = {ve€R% : [jv|, < a}. For every § € O¢(¢) and every a > 0,
define
Vo(a,0) ={veV(a):0+t,veBO}.
It is easy to show that (with the compactness of ©¢(¢))
U U {6+tw}=0n6(e) ™.
0€00(¢) vEVy, (a(h),0)
Therefore,

L tph) = inf inf (0 +t, tn (0 + t,0) |2, - .
(¢ +tnh) Geglo(qb)vevnl(lclz(h),@)u (0 + tpv) + (0 + tnv) 72

Note that 0 € V,,(a(h), ). Then for every 6y € O¢(¢),

L thh) — inf inf (0 +t, tn (0)|?
\ (O tal) = 0t inl 80+ 1) + 0t (D))

inf inf b0+, tn I (0 + t,
9€1@Ho(¢>)v€\/nl(rclt(h),9)u (0 + tov) + (0 + tnv)ll 2,

inf inf D (0 tn tn% 0
T pemt oy vevimimoy 12 O 1 1n0) 0 Bl

.| inf inf O (0 +t, tn (0 +ty
eeg)(¢)vevnl(ralt(h),€) I 6+ tnv) + @+ U)HLQ(V)

— inf inf D (0 tn tn% 0
sei sy vevitmmo |2 O F ) i (O 20

< 2| (60) + tnd (00)|l 12(s) e e tn |72 (6 + tov) — A(0)| 12,
€0Bg veVn(a ;

<2ty ||Allo sup 1 (01) = A (02)l| 2,y = o(t7),
91,926@:||91—92||2§a(h)tn
where the last equality follows from the definition of D,y and the compactness of ©.

For every 6 € O, define ®'(6) : R — R% such that
(2,9)=(=,0)

Using an argument similar to the previous result, we have

inf inf  ||® (0 4 t,0) + t,0)]?
eel@no(tb) vean(ralt(h),G) I 6+ tnv) + ( )HLQ(U)

for every z € R.

— inf inf 0 ch(@) +ty, [qy(@)}m + tn%(g)‘ 2

0€00() vEVn (a(h), L2(w)
<ol s sup [ 22O T,
000 (¢) vEVi (a(h),0) n 12(v)



Then Assumption 2.7 implies that for all § € ©y(¢) and all v € V,,(a(h), ),
Hq>(9+tnv)—<1>(9) 2
tn

— (') v

L2(v)

_ / G (9(,0 + tnv)) — G (g(x,0)) <a<aog><z,z9>
R tn o0

2

-
) v| dv(x)
(z,9)=(z,0)

2
) v] dv(x)
(2,9)=(,0+t} (x)v)

_ / 't_nUT<82<Gog><z,z9>
g |2 99097
i 2
dv(z) = O(12),

442 2
< a(h) tn/ sup 0°(G o g)(z,7)
4 R 0*cO )

99097
where 0 < ¢ (z) < t,, for all = and all n, and the last inequality follows from the property of the

(2,9)=(z,0%)

¢? operator norm. Then it follows that
sup sup @0+ twv) = 2(0) =o(1).
0€00(8) vEVn (a(h),0) tn L2(v)
Since ©¢(¢) C int(O), for sufficiently large n, we have V,(a(h),0) = V(a(h)). Combining the

above results yields

2 : 1oy T — (42
LG+ taha) =1 nf it H[cp )] u+%(9)HL2M 0(t2) .

This completes the proof. O

—[®'(0)] v

2

Proof of Proposition 2.2: Note that both /*°(R x ©) and R are normed spaces. By Lemma
2.3, the map £ is second order Hadamard directionally differentiable at ¢ tangentially to D ..
Lemma 2.1 shows that /Ty, (¢ — ¢) ~ Go in {*(R x ©) as n — oo and Gy is tight with
Go € Dgo almost surely. Therefore, Assumptions 2.1(i), 2.1(ii), 2.2(i), and 2.2(ii) of Chen
and Fang (2019) are satisfied. The desired result follows from Theorem 2.1 of Chen and Fang
(2019), the facts that £(¢) = 0 and £, (h) = 0 for all h € £>°(R x ©) whenever ¢ € Dy, and that
(¢ — @) € L°(R x ©) for everyn € Z. O

Proof of Lemma 2.4: Note that both /*°(R x 0) and R are normed spaces, and by Lemma
2.3, the map £ is second order Hadamard directionally differentiable at ¢ € D tangentially to
Dro. By Lemma 2.2, £ (h) = 0 for all h € (*(R x ©) whenever ¢ € Dy. Lemma 2.1 shows
that \/Tn(qASn — ¢) ~ Gp in £*(R x ©) as n — oo, where Gy is tight with Gy € D,y almost
surely. Therefore, Assumptions 2.1, 2.2(i), 2.2(ii), and 3.5 of Chen and Fang (2019) hold, and
the desired result follows from Proposition 3.1 of Chen and Fang (2019). O

Proof of Lemma 2.5: Firstly, we prove the results for the independent samples case. Define

F={lca:z€R} and G = {1 (_oo gz): (z,0) ERx O} .
Define )?nl, 37”2, X,and Y as

Ros(f) = 2> £ (X, Tuall) = - 3 F (4, X(1) = E[F (X0), and Y(7) =Ef (%)
=1 =1

for all measurable f. Let (Why,...,Whi,,) and (Way, ..., Wa,,) be two independent random

vectors of multinomial weights independent of {X;}?"!, and {Y;}?,. Define 2?;:1 and 37;;2 to be

10



the bootstrap versions of )?nl and 37”2, respectively, with
~ 1 & N . 1 & .
X () = 5= D F (X)) = == D Wiif (X0) and Y, (F) = =3 F (V) = =3 Waif (Vi)
P =1 i=1 i=1

for every measurable f. By Example 2.5.4 of van der Vaart and Wellner (1996), the class F is
Donsker. Because G C F, by Theorem 2.10.1 of van der Vaart and Wellner (1996), the class G is
also Donsker. Therefore,
N (fm - x) « X in £°(F) and /73 (37”2 - y) Y in £°(G)

asn — oo, where X and Y are independent centered Gaussian processes with E [X (f1) X (f2)] =
X (fif2) — X (f1) X (f2) and E[Y (k)Y (h2)] = Y (hihe) — Y (h1) Y (he) for all f1, fo € F and
all hy, ho € G. Moreover, because F and G are classes of indicator functions, we have

x [sup (f = X(f)*

feF

By Theorem 2.7 of Kosorok (2008), it follows that

VAl (.j?;l — -)?nl) %Ef X and VALY (j}\:u — j}\nQ) %Ef Y

<land) [sup (h — y(h))ﬂ <1
heg

asn — oo.
It is easy to show that
F\m (x) = ‘)?m (]l(—oo,x}) ) <an2 © g) (x7‘9) = J/}M (]l(—oo,g(a:,e)]) )

~

Fy (@) = X7, (1(_aq)) , and (GZQ o 9) (@,0) = Vi, (L(—ocg(a0)
for every z € R and every ¢ € ©. Define Wr(z) = X(1(_ ) and W(x,0) = Y(L(_ 4(z,9)) fOr
every z € R and every 6§ € ©. By Lemma A.2, we have that

S (ﬁ;;l - ﬁm) %% Wy and /g (@;;2 6 g — Gy o g) W, (B.3)
For notational simplicity, let Z, = {{X;}.",,{Yi};2,} and A = (*°(R) x {>*(R x ©). By the

independence between the two weight vectors, we have that for all bounded, nonnegative,

Lipschitz functions I'y and I'; on ¢*°(R) and ¢*°(R x ©), respectively,
B[y (v (B, = B ) ) o (V2 (G 00 = G 00) ) |24
=E 1) (vor (B, - Bu)) |2 B [r2 (Vs (Ghy 09— Guuo9) ) |24]
Then with the independence of Wy and W, by Example 1.4.6 of van der Vaart and Wellner
(1996) and Assumption 2.6 of this paper,

a.s.

VT, }/7\; —]/:’\n V1=

sup |E|T A< : Al) z, | -E|D AW 250
PEBL1(A) VIy <G;§2 0g—Gp, o0 g) VAW

as n — oo.

DefineamapZ: A — (*(Rx©) suchthat Z (f,h) (z,0) = f(z)— h(x,0) for every (f,h) € A
and every (z,0) € R x O©. As shown in the proof of Lemma 2.1,
IZ (f1,h1) = T (fo, ho)lloo < [1(f1, R1) = (f2,h2) |
for all (fi,h1),(f2,h2) € A, where ||(f,h)||, = || fllo + |||l for every (f,h) € A. This implies
the Lipschitz continuity of Z. By the proof similar to that of Proposition 10.7(ii) of Kosorok
(2008), we can show that

| [8[0 (V7 (5 8)) 2] B (&)

IeBL; (£°°(Rx ©))

a.s.

=0
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as n — 0o, where Gy = V1 — AWr — VAW. By the properties of Wy and W, it can be verified
that Gy is equivalent to Gg in law. The desired result follows from Lemma 1.9.2(i) of van der
Vaart and Wellner (1996).

Because F and G are both Donsker, by Theorem 2.6 of Kosorok (2008), /n1 ()?;fl — fnl) and
V2 (JAJ;‘LQ —Yn,) are asymptotically measurable. By Lemma A.2, N (E* ) —F,,)and NG (@;Q og—
@m og) are asymptotically measurable. By (B.3) and the asymptotic measurability of |/n; (ﬁ;fl —
F,,) and \/n_g(é;j2 0g— Gy, 0g), we can show that \/n—l(ﬁ,jl —F,,)and \/n—g(é;“LQ 0g—Gy,o0g) are
asymptotically tight. Then by Lemma 1.4.4 of van der Vaart and Wellner (1996), (\/n1 (ﬁ;{ i
ﬁnl), \/n_g(@’;LQ 0g— @m o g)) is asymptotically measurable. The asymptotic measurability of
VT, (ngb,’; - $n) follows from the continuity of Z.

Secondly, we prove the results for the matched pairs case. In the exposition below, {V;}!,,
hzo, H, Vm, V, and V are defined as in the second part of the proof of Lemma 2.1. Let
(Wi,...,Wy,) be a random vector of multinomial weights independent of {(X;,Y;)},. De-
fine 17;1 as

1 &
Vi ( me n—li;vvif(w

for every measurable f, where V* = (X/,Y*) fori =1,...,n;. Because —1 < f < 1 holds for
all f € H, we have

V |sup (f — V(f))2] <4.

feH

As shown in the second part of the proof of Lemma 2.1, the class H is Donsker. By Theorem 2.7
of Kosorok (2008), we have
V11 <]7;;1 - 9”1) B V.

By Theorem 2.6 of Kosorok (2008), «/711(17;‘“ — Vp,) is asymptotically measurable as n — oc.

Under the assumption of matched pairs,

ni
510:0) = == > [ oo (X)) = L ogtoa) Z heo (V) = V3, (ho)

i=1
for every (z,0) € R x O. The results follow from Lemma A.2 and the factthat 7,, = ny/2. O
Proof of Proposition 2.3: Note that both /*°(R x ©) and R are normed spaces, and by
Lemma 2.3, the map L is second order Hadamard directionally differentiable at ¢ € D tangen-
tially to Dyo. Lemma 2.1 shows that \/Tn(qASn —¢) ~ Gp in /(R x ©) as n — oo and Gy is
tight with Gy € Do almost surely. By Lemma B.1, D/ is closed under vector addition, that is,
01 + @9 € Dpg whenever ¢, w9 € Dpg. By construction, the random weights used to construct
the bootstrap samples are independent of the data set and ngb,’; is a measurable function of the

random weights. By Lemma 2.5,

sup (BT (VT (65 = 8u) ) |[{XGHL L V) | — EID (Go)l| 5 0

I'eBL; (£°(RxO))
and /T, (4% — én) is asymptotically measurable as n — co. Lemma 2.4 establishes the consis-
tency of E’,{ for E;ﬁ. Therefore, Assumptions 2.1(i), 2.1(ii), 2.2, 3.1, 3.2, and 3.4 of Chen and
Fang (2019) are satisfied, and the result follows from Theorem 3.3 of Chen and Fang (2019). O
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Proof of Theorem 2.1: (i). Let ¥ be the cumulative distribution function of Eg (Gp) and
c1-q be the 1 — o quantile for £ (Go). Define

Bu(0) =P (L1 [V (31— 6a) | <o (x4, 132,

for every n € Z and every c € R. Let Cy C R be the set of continuity points of ¥, and L(R) be

the set of all Lipschitz continuous functions I : R — [0, 1]. For every I' € L(R), let M =1V Lr,
where Lr is the Lipschitz constant of I'. Then I'/M € BL;(R), and by Proposition 2.3,

~, /\* ~ IP)

BT (2 [V (8 - 6a)] )| (i 1idizy] B BT (25 (Go) (B.4)
as n — oo if Hy is true. By Lemma 10.11(i) of Kosorok (2008), we have \Tfn(c) L U(c) for every
¢ € Cy. Because V is strictly increasing and continuous at ¢;_, and a cumulative distribution
function has at most countably many discontinuity points, for every ¢ > 0, there exist a1, as € Cy
such that ay < ¢1_o < ag, |[a1 — c1-4| < &, and |ag — 14| < €. Let

1
0= [ (a1) = (1= a)| A[¥(az) = (1 - a)]].
From the definition of ¢;_,, 5, it follows that

P(|Ci—an — ci—al > €) <P (Cl—an < a1) + P(Ci—an > a2)
SP(\Tln(al) > 1—a) +]P><\Tfn(a2) < 1—a)
<P (‘@n (a1) — W (al)‘ > 5) +P (‘@n (as) — W (az)‘ > 5) ,

and the last line converges to 0 since U, (a;) 5w (a1) and W, (az) 5w (a2) as n — oo. This
implies that ¢;_q L Cl_g AS L — 0O.
By Proposition 2.2 of this paper, if Hy is true (¢ € Dy), then Tnﬁ(an) ~ £g (Gop) as n — oo.
By Lemma 2.8(i) of van der Vaart (1998), T,,L(¢n) — Ci—an ~ E;’) (Gp) — ¢1—q as n — co. Since
the cumulative distribution function of L} (Go) is continuous and strictly increasing at c;—q, the
cumulative distribution function of L} (Go) — c1—q is continuous at 0 and P(L} (Go) — c1—a >
0) = a. By Lemma 2.2(i) (portmanteau) of van der Vaart (1998), we have
Tim P (ToL (6) > E1oan) = Tim P (Tl (6n) = @1-an > 0) =P (L5 (Go) — e1-a > 0) =
(ii). For all # € © and all ¢1, ¢2 € D,
[ @) dvie) = [ fouta o) avo)

< /]R [P1(2,0) + p2(x,0)] [01(2,0) — Pa(z, 0)]| dv(x) < ([[¢1]loc + [|P2]lc) [[P1 — P2l -
This implies that
1£ (1) = L(p2)| < ([[91lloo + IP2lloc) |61 — @2l -

Therefore, the function ¢ — L(p) is continuous. If Hy is false, then by Lemma B.2 of this
paper, Theorem 1.9.5 (continuous mapping), and Lemma 1.9.2(iii) of van der Vaart and Wellner
(1996), we have £(¢,) — L(¢) > 0 almost surely as n — co. Thus, 1/(7,TwL(¢y)) — 0 almost
surely. By definition, for every h € {*°(R x ©),
c (&n + Tnh> ) <$n)

< sup

Tn 0O

TnE;;(h)( -

- /{mh (2,0) B (2,0) + 7212 (2,0)} dv (x)
n JR
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< 2/|hdnlloo + 7 ||H|. -
Define Ly, (h) = 2|[htnlos + Tnl|h%]|so for every h € £°(R x ©). In the proof of Lemma 2.5, we
have shown that for almost every sequence {X;}:;2, and every sequence {Y;}:°, v/T), (6% — &)
converges weakly to Gy. By Lemma B.2, bn — ¢ almost surely. Thus, for almost every sequence
{X;};2, and every sequence {Y;}:°,, Lon(v/Th(F — b)) converges weakly to 2 |Gy - ¢l by
Lemmas 1.9.2(i) and 1.10.2(iii), Fxample 1.4.7, and Theorem 1.3.6 (continuous mapping) of
van der Vaart and Wellner (1996). Also, we have that

Ly (VI (3= 60))| < o (VL (8- 6n))

By definition,
Cl_an = inf {c cR:P (E;; (\/T_n (5; - <$n)) <o {xi}7,, {Yi}?;) >1- a} .
Then it follows that
TnCl—qan = inf {Tnc eER:P (Tnfx <\/an ((}5,*1 — $n>) < Tnc| {Xi2y, {Y;}Z":zl> >1-— a}
= inf {c ER:P <7’n2',2 (\/TTL <$; - $n>> <o {X:}1, {YZ}anl) >1- a}

<inf{ceR:P(Ly (VT (35— 6n)) < {XH, (Vi) > 1-a}.
Define
& =il {c € RP Ly (VT (65— 0n) ) < [ {X}2, (Vih2,) 21—}

By proof similar to that of (i), we can show that¢,_, , 5 ., where ¢ __, is the 1 — a quantile
of 2||Gg - ¢||.-! Then it follows that
P(THL(dn) > Cian) = P <Tna,a,n / [TnTnﬁ(&En)] < 1) > P (a,m / [TnTnE((gn)} < 1) 1.
This completes the proof. O

Proof of Proposition 2.4: For notational simplicity, we mainly consider the matched pairs
case. The proof for independent samples can be achieved analogously. By (11), we have that
for every n, F(z) = P(X; < ) = Pul(_oogxr and Gp(z) = P(Y; < ) = Pylry(—0oq- The
subscript n in F}, and G,, indicates that F;, and GG,, may change as n increases. Let P be the set
of all probability measures on %p2, where %2 is the collection of Borel sets in R?. Define four
classes of functions on R%:
Hi = {]1(_00736]X]R cx € R} JHo = {—le(—oo,x} cx € R} yHy ={h1+ho : hy € Hy,hy € Ha},
and H = {1 (_oo 4]xr — IRx(—cog(x0) | (T,0) ERX O} C Hy.
It can be shown that #; and #, are both VC classes with VC indices V(H;) = V(H3) = 2. Let
N(e,H;,L"(Q)) denote the covering number under the L"(Q) norm for #; with j € {1,2} and
all ¢ > 0. By Theorem 2.6.7 of van der Vaart and Wellner (1996) with envelop function F = 1
and r > 1, we have that for each j and every probability measure @,

N(e,H;, L7(Q)) < K;2(16e)(1/¢)

for universal constants K7, K» > 1 and every ¢ € (0,1). Then we have that

N(e,H+, L7(Q)) < N(e/2,H1, L7(Q)) - N(/2,Ha, L' (Q)) = K1K4(16¢)' (4/2).  (B.5)

'Here, we implicitly assume that the CDF of 2||Gyo - #||~ is continuous and strictly increasing at ¢} _,.
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By the construction of H., F' = 1 is a measurable envelop function such that [ F?dQ < oo and
limps 00 SUPGep [F?-1{F >M}dQ =0.ForallQ € P and all € > 2,

N(€HFHL2(Q)7H+7L2(Q)) =1
Let Q denote the set of finitely discrete probability measures. Then we have that

o) 2
/ sup \/10gN(€HFHL2(Q)7H+7L2(Q))d5 = / sup \/10gN ellFll L2 (), H+, L2(Q)) de < o0
0 QeQ 0

Note that the set of rational numbers is dense in ]R. Following the strategy of the proof of

Lemma C.5 in Sun (2021), it can be shown that # . is Donsker and pre-Gaussian uniformly in P
by Theorem 2.8.3 of van der Vaart and Wellner (1996). By the construction of H with H C H,
we can show that # is Donsker and pre-Gaussian uniformly in P.

Let Q,, denote the collection of all possible realizations of empirical measures of n observa-
tions. Then by (B.5), it can be shown that supgecg, log N (]| Fl|11(q), H+, L' (Q)) = o(n) with
the envelop function F' = 1. By Theorem 2.8.1 of van der Vaart and Wellner (1996), H, is
Glivenko—Cantelli uniformly in P. By the construction of H with # C H., we can show that H
is Glivenko—Cantelli uniformly in P.

Let P, denote the empirical probability measure of P, such that for every measurable func-

tion h,
1
= — > h(X;,Y)).
ny <
=1

Also, we let 13;{ denote the bootstrap empirical probability measure of P, such that for every

measurable function A,

P'h = mZh (XF, V).

Since P,, may change as n — oo, we now define ¢, (z,0) = F,,(z) — G, (g9(x,0)) = Pyhy 9, where
hap = L(—ooz]xR — LRx(—o0,9(x,0) € H. Note that ¢(x,0) = F(z) — G(g(x,0)) = Ph, g for every
(z,0) € R x ©. Also, we note that an(m, ) = ﬁnhw and 5;(35, ) = ﬁ;hx,g for every (z,0).

Since supj,cqy |Ph| < oo and sup,cy |Poh?| < oo, under Assumption 2.11, by Theorem
3.10.12 of van der Vaart and Wellner (1996) we have that /n (]3” — P) converges under P, in
distribution in ¢>°() to the process h — G(h)+ Phvg, where G is a tight Brownian bridge. Also,
by Theorem 3.10.12 of van der Vaart and Wellner (1996), supj,cy |/n1(Pn — P)h — Phvg| — 0.

Following the strategy of the proof of Lemma C.16 in Sun (2021), we can show that \/7}, (13;{ —
P) %% v/1/2 - G under Assumption 2.11, and that /T, (P* — P,) is asymptotically measurable.
Since ngb;‘l(a:, 0) — ngbn(a: 0) = (A* — P)h, o for every (z,0), by Lemma A.2 we have that

sup [E[T (VTu (65— dn) )| {12 (¥ | B0 Go)l| 5 0

T'eBL; (£ (RxO))
where Go(z,0) = \/1/2 - G(h, ) for every (z,0) € R x ©, and /T, ((;5* QASn) is asymptotically
measurable as n — co. Since ¢y (z,0) — ¢(z,0) = (P, — P)h, ¢ for every (x,0), by Lemma A.1
we have that \/Tn(qASn — @) ~ Go + ¢p, where Yp(x,0) = \/m - Phy gvg for all (z, ). Since G
is tight, we can show that Gq + ¢ p is tight. Note that P satisfies Hy. Then by a proof similar to
that of Lemma 2.4, we can show that for every sequence {h,} C /*°(R x ©) and every h € Dg
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such that h,, — h in (*°(R x ©) as n — oo, we have
L (hy) L L4(h) asn — oo.
Next, by a proof similar to that of Proposition 2.3, we have that

> s n P
swp (BT (21 [VTu (G = 6a)]) |1} ViH2L ] — B [T (£5(Go))]| B 0
I'eBL; (R)
asn — oo.
Following a strategy similar to that of the proof of Theorem 2.1, we can show that ¢;_, L
c1_o and Tn£($n) ~s £g(Go + p) as n — o0.?2 The result follows from Lemma 1.10.2(iii),

Example 1.4.7, and Theorems 1.3.6 and 1.3.4(ii) of van der Vaart and Wellner (1996). O

B.2 Proofs for Section 3

Lemma B.3: For every k € {1,...,K}, if ¢1,p02 € Dgg, then ajp; + azps € Dyy for all

a1, as € R, and the functions
0 — / [gpl(x,ﬁk)]Q dv(x) and 6 — / o1(z, O )pa(x, 0k) dv(zx)
R R

are continuous at every 0 € ©y.

Proof of Lemma B.3: The proof is similar to that of Lemma B.1. O

Proof of Proposition 3.1: If F/(z) = G (gx(x,0)) for all z € R with some 6, € Oy for all
ke {l,...,K}, then (13) holds trivially.

Next, we show that (13) implies (12). Recall that x is the Lebesgue measure on (R, #g).
Since Gi, € Cp(R), Assumption 3.4 implies that G o g, € D,y and hence ¢ € D,i. By Lemma
B.3, the function 0, — [, [F(x) — Gj (gx(x, 03))]> dv(z) is continuous on ©y. Thus, the function
(01,...,0k) — [z S [F(x) — Gy (gr(x,05))]* dv(z) is continuous on ©. By Assumption 3.3,
there exists 6y € © with 0y = (0p1, . .., 0px) such that

[ 3100 - G st o) = e Z ~ i (gela, 0P dvla) =0

(B.6)
Define A = {z € R: F(x) # Gj, (gk(x,00r)) } for every k € {1,..., K'}. Then (B.6) implies that
v(Ay) = 0 by Proposition 2.16 of Folland (1999). By the assumption that u < v, u(Ag) = 0.
We now claim that A; = @. Otherwise, there is an xy € R such that F (z¢) # Gk (gx (z0, bok))-

k=1

Since both F' and G}, are continuous and g (-, px) is continuous, there exists 6 > 0 such that
F (z) # Gk (g (z,00)) for all x € [zg,zo + J]. This contradicts p(Ax) = 0. Therefore, we have
F(z) = Gy (g9x(z,01)) for all z € R and all £. O

Lemma B.4: Under Assumptions 3.5 and 3.6, we have

lim  sup ‘

ngbn(x, 0) — ¢(x, Q)H = 0 almost surely.
=0 (1 )ERx O 2

Proof of Lemma B.4: By Theorem 19.1 of van der Vaart (1998) and Assumption 3.6, we

*Similarly to Theorem 2.1, here we implicitly assume that the cumulative distribution function of £}}(Go) is
strictly increasing and continuous at its 1 — « quantile ¢1—q.
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have

lim sup |F}, (z) — F(z)| = 0 almost surely,
R

n—oo xe

and li_>m sup ]@nk (x) — Gi(z)| = 0 almost surely for every k.
n—00 zER

Note that for every (z,0;) € R x Oy,

G (912 0)) = G (g, 00)| < sup |G () = Ci()].

which implies

ank (gk(x,0k)) — G (gk(x, Hk))‘ = 0 almost surely.

lim sup
n—00 (Z‘,Gk)ERxek

Then the desired result follows from the definitions of ngbn and ¢. O
Proof of Lemma 3.1: By Theorem 19.3 of van der Vaart (1998), we have
Viz(Fp, — F) ~» Wgin (*(R), and for all k € {1,..., K}, /ix(Gn, — Gi) ~ We, in £=(R)
as n — oo, where Wr, W¢, ..., W, are jointly independent. Define classes of indicator func-
tions
Go = {1(—ooy :® € R} and Gy = {1 (_co g, (2.0,) : (#,0k) € R x O} for all k.

Let JA)nk be a stochastic process and ). be a real valued function such that
~ 1 &k
Yur(F) = - 2; f (Vi) and Vi(f) = E[f (V)]

for all measurable f. By Example 2.5.4 of van der Vaart and Wellner (1996), G, is a Donsker
class. Therefore, \/n_k(JA/nk — Vi) ~ Y in £°° (Gy) as n — oo, where Y, is a tight measurable
centered Gaussian process. Since Gy C Gy, it follows that for every h € Cp({* (Gk)), h €
Cp (€ (Go)) and
E[A(v/m(Vny, — Vi))] = E[R(Y)],

which implies that \/n_k(fink — Vi) ~ Yy in £ (Gy) as n — oo. It is easy to show that @nk o
k(2. 08) = Vi (L —co g (.00))) A G 0 Gi (2, 01) = Vi(L( oo gy (r.0,))) fOT every (z,6;) € R x Oy
Define a random element Wy, € (*°(R x ©y) such that Wy (z,0y) = Yj(1(_oo,g,(2,6,)) for all
(z,0;) € R x ©f. By Lemma A.1, \/n_k(@nk ogr — G ogg) ~ Wi in (R x ©f) as n — oo.
Let A\_, = Hszl A and Ay = (A - Hszl Aj)/Ak. By the joint independence of the samples,
Assumption 3.6 of this paper, and Example 1.4.6 of van der Vaart and Wellner (1996), we have
the joint weak convergence

VI (B F) =

VT (G ogi —Grog VAW
( 1 . > .1 ! in /°(R) x f°(R x ©1) X --- x (R x Ok)

VT, <@nK ° g.K —Ggo gK) VAWK

as n — oo, where Wp, W1, ..., Wg are jointly independent. Define
A=/1"R)xlP(Rx0O1)x - xL°(RxOg)and B=/,C(R x O1) x --- x {°(R x O).

Define the norms || - |4 and || - |z on A and B, respectively, with ||(f,h1,..., k)|l = | fll +
St 1l for every (f,hn,...hx) € A and [[(hy,.. hic)lls = 3 Ikl for every
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(h1,...,hK) € B. Let Z : A — B be such that
Z(f7h17---7hK) (.%',9) = (f(l’) —hl(l',al),...,f(.%')—hK(l',aK))
for every (f,h1,...,hkx) € A and every (z,0) e R x © with§ = (0;,...,0x)and © =01 x - -+ X

Ok. Note that
K

HI(f/,h/la""h/K)_I(fahl,---,hK)H]B:Z sSup ‘f/(x)_h;c(x’ak)_f(x)+hk(xa9k)‘

k=1 (:B,@k)ERX@k

< Ksup|f'(z) - f(x)] +Z sup  [hj (@, 6x) — hi(, 6r))|
rER k—1 I@k)GRXGk
for all (f',h},...,hy),(f h1,...,hi) € A, and therefore 7 is continuous. The weak conver-

gence of \/Tn@n — ¢) to a tight random element Gy = Z(\/A_.Wr, /A1 W1, ...,/ Ak Wk)

follows from Theorem 1.3.6 (continuous mapping) of van der Vaart and Wellner (1996). Fur-
thermore, by the proof similar to that of Lemma 2.1, P(Gg € Do) = 1. O

Proof of Lemma 3.2: Define a map S : D — ¢°°(0) such that for every ¢y € D, and every
0 € ©with ¢ = (p1,...,px)and 0 = (04,...,0k),

/RZSDkCUHk dv(z).

k=1
We show that the Hadamard directional derivative of S at ¢ € D is

K
Sy (h)(0) = /RQ Z ok (z, 0)hi (2, 0;) dv(z) for all h € Dgo with h = (hy, ..., hk).
k=1
Because F,Gj € Cp(R), by Assumption 3.4 and Lemma B.3, S(¢) € C(©). Indeed, for all

sequences {h,}°°, C [Tr_, £*°(R x ©y,) with h, = (hu1,...,har) and {t,}°°, C Ry such that
tn 4 0, hy — h € Dpg as n — oo with h = (hy,...,hg), and ¢ + t,h,, € D, for all n, we have

that M = maxpe(y,.. k} SUPpez, ||Pnkllo < 00, and

S (¢ + tnhn) (0) — S(¢)(0)

—S'(h)(8
sup 7 S4(h)(0)
K
=5 wh?, (z,0 ,0%) [hoi (2, 05) — hy(, 0;)] d
cup 3 | bl 00) + 260,00 (s (.6 = b 60)] o)

K
<y /R £ M2 42 g [ — il dv() = 0
k=1

since t,, | 0 and h,, — h in [Jr_, £°(R x Oy) as n — co.

Define a function R such that for every ¢ € C(©), R(¢) = infypco ¢(f). By Lemma S.4.9 of
Fang and Santos (2019), R is Hadamard directionally differentiable at every ¢ € C(©) tangen-
tially to C(©) with the Hadamard directional derivative

Ry (f) = 1nf f( ) for all f € C(©),

I
where O((¢) = argmingcg ().
Note that L(¢) = R[S(¢)] = R o S(p) for every ¢ € D,. By Proposition 3.6(i) of Shapiro
(1990), £ is Hadamard directionally differentiable at ¢ tangentially to Dq with the Hadamard
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directional derivative

ﬁ;)(h) $(¢>) [8¢>(h GGGH(I.E' /R Z(bk x Hk hk(.%' Hk) dV( ) forall h € Dgo
k=1

with & = (hy, ..., hg).

Since ©((S(¢)) = argmingcg [ S [w(x,0,)])? dv(z), the desired result follows.
Now we turn to the degeneracy of £, under the condition that ¢ € Dy. If ¢ € Dy, for every
0 € Og(¢) with § = (04,...,0k), we have

K
L3 tone o0 dvta) -
Ri—1

and consequently ¢ (z,6;) = 0 holds for v-almost every x and every k. Therefore, £y (h) = 0
for every h € [[1_, £>°(R x ©},) whenever ¢ € D. O

Proof of Lemma 3.3: For every k, define ®;, : ©, — L?(v) such that ®4(;)(x) = ér(x, %)
for every (z,0;) € R x O. Define ® : © — szl L?(v) such that for every § € © with

0= (64,...,0k), (6) (@1(01),...,Px(0K)). Then it is easy to show that
() = jn /R Z o(2,0))7 dv(w) = mfZH@k 02,y = inf 19(O)]2 ) = 0,

and Oy(¢) = {# € © : S, H<I>k(9k)HL2(V) = O} = Op. Consider all sequences {t,} -, C Ry
and {h,},~, C H 1 IR x ©y) such that ¢,, | 0, h,, = h € Dgg asn — oo, and ¢ + tyhy, €
D, for all n, where h,, = (hp1,...,hnkx) and h = (hy,...,hg). For notational simplicity, for
every k and every n, define /%, : ©, — L%(v) such that JZ,;(0;)(x) = hy(z,0;) for every
(7,0r) € R x O, and define 7%, : ©p — L?(v) such that 4 (0;)(x) = hi(z,0) for every
(x,0r) € R x O. For every § € © with 6 = (04,...,0k), let 7,,(0) = (71(61),. .., Kk (0K))
and () = (4 (6,),...,#%(0xk)). Since h, — h € Dy C [[1—; £°(R x ©y), it follows that

maxgeq1,.. K} (1Pklloo V SUDsez, |Pnklls) = My for some M; < co. Then we have that

L6+ taha) = £(&+tah)| = |inf [D(6) + 1 (0)]35 ) — inf 19(6) + tal O)]125. )

it [0(60) + ()13, + Juf [9(0) + £, () | 3.

| [0(0) + tn . (O) 13, () — L 19(6) + ta X O) 3.

<

Geglof 19(0) + tn 0 (0) |l L2 () + Geglof(@ 19(0) + tnH(0) | 12 ()

(tasup 10) — O}l 3
0cO

K 1/2
=0 (ti{Zhnkhki} ) =o(t),
k=1

where the inequality follows from the Lipschitz continuity of the supremum map and the triangle

inequality, and the third equality follows from the fact that ® (§) = 0 v-almost everywhere for

every 6 € Op(¢).
Then for the h, pick an a(h) > 0 such that Ca(h)* = 3(31_, ||hx]|%,)!/?, where C and & are
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defined as in Assumption 3.8. For sufficiently large n € Z, such that ¢/ > ¢,,, we have that

inf () + t, (0
eee\elorg@a(h)tn 19(6) ( )”L?{(V)
B 969\61()r(1¢)a<h>t" I )HLi(”) +eee\elor(l¢)a<h>tn[ 1721 )HLi(v)]
0eO\Op(g)a(M)tn H ( )HI%(( ) 6c0\O0(6)a(Mtn H ( )HL%( )
K 1/2
>C (a(h)tn)"” — ty sup 1 (O)l L2 ) =3 Z [l 12 —t, Z Bl
0€0\O0(g)a(M)tn 2
>tu, dnf 1Oz )=, dnf 190) + 6 O)llzg o) 2 VL@ + tah), B.7)
0

where the second inequality follows from Assumption 3.8.

By Lemma B.3 and the fact that ¢ € Dz and h € Dy, the map 6 — ||P(6) + tn,%”(H)H%%(V)
is continuous at every # € © for every n € Z,. Since © and O(¢)*M are compact sets in
[T R%x, it follows that

2
L(¢+tyh) = min 19(0) + £t (0) 12 (1)

= mi inf O(0) + t, i O(0) + t,2(0)|? .
min{ e 0Ot Ol min 00 0O
This, together with (B.7), implies that

L(p+tah)=  min |O(0) +tn (072,

0€0NBy (¢)e(Mtn
For every a > 0, let V(a) = {v € Hszl R% : ||v]|y < a}. For every 6 € ©y(¢) and every
a > 0, define
Vo(a,0) ={veV(a):0+t,veBO}.
It is easy to show that (with the compactness of ©¢(¢))

U U {0+tww} =0n6g(e)* M.

0€00(¢) vEVR (a(h),0)
Therefore,

L(¢+t,h) = inf inf @ (0 + tpv) + ta I (0 + tav)||;
(64 tah)= inf | inf (04 000) + 1 0+ t0) )
Note that 0 € V,,(a(h), ). Then for every 6y € O¢(¢),

L toh) — inf inf (0 +t, tn (0)|?
Lot = 0+ )+ O

inf inf D0+, tn I (0 +t,,
eeg)(¢)vevnla(h),0) 1900+ tv) + 0+ U)HL?AU)

inf inf d(0+1t, tn I (0
+0€glo(¢)vevnl(rclz(h),0)” (0+ tnv) + ()”L?((V)

| inf inf DO+ t,0) +t, 0+,
Gea(¢)vevnla(h),9)“ (0 +tnv) + (0 +tnv)l L2 ()

— inf inf D0+, tn I (0
9€l@no(¢>)v€an(Iclb(h),9)H (0 +tnv) + ()”L?((V)

<2([® (6o) + tnH (00)ll 2 () sup sup || (0 + tyv) — A(0)l 2 ()
K 0€00(¢) veVa(a(h),0) K

20



K 1/2
<2ty 17 sup | (61) = 5 (62)|l 2 () = o(13),
{; 61,02€0:]|61—02 || ;oo <a(h)tn L)

where the last equality follows from the definition of D,y and the compactness of ©.
For every # € © with 6 = (01,...,0k), define &, (0;) : R — R%: such that
P (0k)(z) = — (G Oagi;)(z’ﬁk) for every z € R.
k (Zvﬁk):(xvek)
For every § = (04,...,0k) and every v = (vy,...,vk), let
d'(0,v)(x) = (P (01)(x) o1, ..., 8% (k) (z) oK)

for all x. Using an argument similar to the previous result, we have

inf inf (0 +t, e AOIF
L @ (0 +tnov) + O)IZz ()

— inf inf || ®(0) + £, (0,v) + t,2(0)]?
Geglo(@vevnl(rtlz(h)ﬂ)u )+ (0,0) + ( )HL%(V)

Q. (O + tavg) — Pr(0r)

. - [@400] v

) 1/2
L2<v>} '

K
<20(t?) sup sup {Z

0€00o(p) veVn(a(h),0) | ,—1

For every 6 € ©¢(¢) and every v € V,,(a(h), 8), Assumption 3.7 implies that

Oy, (O, + tovg) — Px(0 ?
k (O k) — P(k) (@4(60)] v
T 72
) vg | dv(x)
(2779k):($79k)

tn L2(v)

:/ G (gk (@, O + tnvr)) — G (gk(@,0)) (5(Gk ° gk) (2, k)
R

tn 0V},

:/ [t 1 (0G0 gi) (= V)
R|2F 901,007

442
S M/ sup
4 R 0;:€0), (2:9%)=(=,05) Il2

where 0 < t7 (x) < t,, for all z, all n, and all k, and the last inequality follows from the property
KN ®p (0 + tovr) — Br(64)
sup sup {Z k(O + tnug k(O

) 1/2
= o(1).
0€00($) veVi(a(h).0) | vy tn 2(v)
Since ©¢(¢) C int(O), for sufficiently large n, we have V,,(a(h),0) = V(a(h)). Combining the
above results yields

42 : / 2 _ 2
L@+ tahn) ~ty inf | inf |20 0) + O] 5 ()| =0 (tn)

This completes the proof. O

2
) vk] dv(z)
(z,9k)= (2,05 +t5,, (z)vK)

2

02(Gr, 0 gi) (2, ) dv(z) = O(t2),

00,097

of the ¢? operator norm. Then it follows that

— CI);C(Q]C)TUk

Proof of Proposition 3.2: Note that both Hle (R x ©f) and R are normed spaces. By
Lemma 3.3, the map £ is second order Hadamard directionally differentiable at ¢ tangentially
to Dyo. Lemma 3.1 shows that \/Tn(qASn —¢) ~ Goin Hszl (R x O) as n — oo and Gy is tight
with Gy € D, almost surely. Therefore, Assumptions 2.1(i), 2.1(ii), 2.2(i), and 2.2(ii) of Chen
and Fang (2019) are satisfied. The desired result follows from Theorem 2.1 of Chen and Fang
(2019), the fact that £(¢) = 0 and Lj(h) = 0 for all h € [T, °°(R x ©;) whenever ¢ € Dy,
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and that (¢,, — ¢) € [T, (R x ©},) for every n € Z, . O
Proof of Lemma 3.4: Note that both Hlefoo(]R x ©) and R are normed spaces, and
by Lemma 3.3, the map £ is second order Hadamard directionally differentiable at ¢ € D
tangentially to Dzo. By Lemma 3.2, £ (h) = 0 for all h € Hle (R x ©f) whenever ¢ € Dy.
Lemma 3.1 shows that \/Tn(g?bn —¢) ~ Gp in Hle (R x ©) as n — oo and Gy is tight with
Gg € Dgg almost surely. Therefore, Assumptions 2.1, 2.2(i), 2.2(ii), and 3.5 of Chen and Fang
(2019) hold, and the desired result follows from Proposition 3.1 of Chen and Fang (2019). O
Proof of Lemma 3.5: Define
F={1l_wgy xR} and Gp = {100 gy (x,0,)] (€, 0) € R x O} for every k.

Define )?nx, JAJnk, X, and ), as

Uz ng

B, (1) = oo S F ) T (1) = o D F (V) () = ELF (X0, and Du(f) = E[f (Vi)

i=1 i=1
for all measurable f. Let {W; }=, {Wii}iy, ..., { Wk}, be jointly independent random vec-
tors of multinomial weights that are independent of {X;}'=,, {Y1;}:2,, ..., {Yki}.%. Define )?;{z
and JAJ,*% to be the bootstrap versions of /'?n, and JA)nk, respectively, with

Uz Ny Nk nk

L) = oo P = o S Waif () and 3, () = - 30 F () = - > Wiaf (%)

=1 i—1 i=1 i=1
for every measurable f. By Example 2.5.4 of van der Vaart and Wellner (1996), the class F is
Donsker. Because G, C F for every k, by Theorem 2.10.1 of van der Vaart and Wellner (1996),
the class G, is also Donsker. Therefore,

N (;?n - X) ~ X in £°(F) and /nx (37,% - yk) s Y, in £°(Gy)

asn — oo, where X, Yy, ..., Yk are jointly independent centered Gaussian processes. Moreover,
because F and G, are classes of indicator functions, we have that
sup (f — X(f))Ql < 1and Y [sup (h — Vi(h))?
feF hegy,
By Theorem 2.7 of Kosorok (2008), it follows that

VMg <./E:z - ‘;%\nz) %Ef X and AVaLTS <j}\;k — 37,%> %Ef Yk

X <1

asn — oo.
It is easy to show that
F\nz (z) = /i;nx (]1(—00796]) ) (@nk °© gk‘) (z,0k) = j}nk (]1(—007919(96791@)]) )

~

ﬁrtl(m) = ‘;%\;x (]l(—oo,az]) ’ and (a;k ng) (xaek) = y;;k (]]-(—oo,gk(xﬂk)})
for every x € R, every 0; € Oy, and every k. Define Wr(z) = X(L(_ ) and Wi(z,0;) =

Y5 (L (—o0,g,(x,6,))) fOT €very z € R and every 0 € ©. By Lemma A.2, we have that
N <ﬁn - ﬁn> 2 Wy and \/ny <@;;k 6 gk — Gy © gk> L8 W, (B.8)
For simplicity, let Z,, = {{X;}7, , {Vi:}" . {Vka} 5}, A = £°(R) x ]2, £°(R x ©y), and

B = Hle (R x Of). Define norms || - |4 and || - ||z on A and B, respectively, such that for
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every (f,h) € A with h = (hy,...,hk) and every w € B with w = (w1, ..., wk),

K K
1B = 1 lloo + D Ihnlloo and wlle =D llwglloo-
k=1 k=1

By the joint independence of the weight vectors, we have that for all bounded, nonnegative,
Lipschitz functions I',, on ¢*°(R) and I'y, on /*°(R x Oy),

B [rm (v (B, — ) TI e (v (G 006~ G 0)) 20
k=1

s [r. (v (7 - £.)) 12 TT [ (v (@, o0~ G o) I

Let A, = Hszl A and Ay = (Ag - Hszl Aj)/Ak. Then with the joint independence of the
random elements {Wg, W1,..., Wi}, by Example 1.4.6 of van der Vaart and Wellner (1996)
and Assumption 3.6 of this paper,

VT (Fr, - F,) [ ([v/Awe]
VT, (@,’21 o g1 — G, 091>

VAW as.
sup |E|T Z,| —E|T . — 0
I'eBL1(A) : :
VT, <@;§K 0 gx — Gy © gK) L\ | VA-kWK] /]
as n — oo.

Define a map Z : A — B, such that
Z(f h)(2,0) = (f(z) = h(z,01),..., f(x) — hg(z,0K))
for every (f,h) € A and every (z,0) € R x © with h = (hy,...,hx) and 6 = (0y,...,0k). Itis
easy to show the Lipschitz continuity of Z. By the proof similar to that of Proposition 10.7(ii) of
Kosorok (2008), we can show that
owp [P (VEL(F - 8)) | 2] B [r (8)]
TeBL ([Tre, £°(Rx©4))

asn — oo, where G = Z(\/AaWp, /A1 W1, ..., \/A_kWk). By the properties of the random
elements {Wg, W1, ..., Wk}, it can be verified that Go is equivalent to G in law. The desired

a.s.

=0

result follows from Lemma 1.9.2(i) of van der Vaart and Wellner (1996).

Because F and Gy, are Donsker, by Theorem 2.6 of Kosorok (2008), \/E(/ﬁjx — X,,) and
N (37;*% - JAﬁnk) (for every k) are asymptotically measurable. By Lemma A.2, \/n, (f;fw - fnw)
and \/n_k(@,’;k o gL — @nk o gi) are asymptotically measurable. By (B.8) and the asymptotic
measurability of \/E(ﬁ;jl —F, )and \/”_k(é:% ogr— énk ogr), we can show that \/n_x(ﬁ;x —F,,)
and \/ny (@,’;k ogr— @nk ogy) are asymptotically tight. Then by Lemmas 1.4.3 and 1.4.4 of van der
Vaart and Wellner (1996),

(Viz(Ey, = B ) v/AT(Gh, 0 91— Gy 0 91)s- - AR (Gl 0 9k — Gy © 950))
is asymptotically measurable. The asymptotic measurability of /7T}, (QAS;*L — $n) follows from the
continuity of Z. O

Proof of Proposition 3.3: Note that both Hle (R x ©f) and R are normed spaces, and
by Lemma 3.3, the map £ is second order Hadamard directionally differentiable at ¢ € D
tangentially to Dzo. Lemma 3.1 shows that v/T}, (¢, — ¢) ~ Gy in [TE, £°(R x ©,) as n — oo
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and Gy is tight with Gy € Do almost surely. By Lemma B.3, D, is closed under vector addition,
that is, p1 + w2 € Do whenever ¢, p2 € Dro. By construction, the random weights used to
construct the bootstrap samples are independent of the data set and QAS;; is a measurable function

of the random weights. By Lemma 3.5,

s E [0 (VB (8 = 60) ) [ 163 0 o Vi) 5] — BT (Go)]

reBLy ([Tre, £ (RxOy,)
5o,
and \/fl((g;; — (Zn) is asymptotically measurable as n — oco. Lemma 3.4 establishes the consis-
tency of EA’TQ for E;g. Therefore, Assumptions 2.1(i), 2.1(ii), 2.2, 3.1, 3.2, and 3.4 of Chen and
Fang (2019) are satisfied, and the result follows from Theorem 3.3 of Chen and Fang (2019). O
Proof of Theorem 3.1: Under Assumptions 3.1-3.9, with Propositions 3.2 and 3.3, the

desired results can be proved by arguments similar to those in the proof of Theorem 2.1. O
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