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Abstract

Finding valid instruments is difficult. We propose Validity Set Instrumental Variable
(VSIV) estimation, a method for estimating treatment effects when the instruments are
partially invalid. VSIV estimation exploits testable implications of instrument validity
to remove invalid variation in the instruments. We show that the proposed VSIV esti-
mators are asymptotically normal under weak conditions and always remove or reduce
the asymptotic bias relative to standard IV estimators. We apply VSIV estimation to es-

timate the returns to schooling using the quarter of birth instrument.
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1 Introduction

Instrumental variable (IV) methods based on the local average treatment effect (LATE)
framework (Imbens and Angrist, 1994; Angrist and Imbens, 1995; Angrist et al., 1996)
rely on three assumptions:! (i) exclusion (the instrument does not have a direct effect
on the outcome), (ii) random assignment (the instrument is independent of potential out-
comes and treatments), and (iii) monotonicity (the instrument has a monotonic impact
on treatment take-up).? In many applications, some of these assumptions are likely to be
violated or at least questionable. This has motivated the derivation of testable restrictions
and tests for IV validity in various settings (e.g., Balke and Pearl, 1997; Imbens and Rubin,
1997; Heckman and Vytlacil, 2005; Huber and Mellace, 2015; Kitagawa, 2015; Mourifié
and Wan, 2017; Kédagni and Mourifié, 2020; Carr and Kitagawa, 2021; Sun, 2021; Farb-
macher et al., 2022).3 The main contribution of this paper is to propose a method for
exploiting the information available in the testable restrictions of IV validity to remove or
reduce the bias in IV estimation.

We consider a setting where the available instruments are partially invalid. For ex-
ample, there might be a multivalued instrument for which only some pairs of instrument
values satisfy the IV assumptions. In Section 6, we revisit the classical quarter of birth
(QOB) instrument of Angrist and Krueger (1991). One potential concern with this instru-
ment is that the seasonality in birth patterns renders some QOBs invalid (e.g., Bound et al.,
1995; Buckles and Hungerman, 2013), which motivates some studies to only consider a
subset of QOBs as instruments (e.g., Dahl et al., 2017). Our empirical results show that the
QOB instrument is indeed partially invalid. Another leading example of partially invalid
instruments is when there are several instruments, but only a subset of them are valid.

Our method, which we refer to as Validity Set IV (VSIV) estimation, has two steps. First,
we use testable implications of IV validity to remove invalid variation in the instruments.
Second, we conduct an IV estimation using the remaining variation in the instruments.
We establish the asymptotic normality of the proposed VSIV estimators and show that
they always remove or reduce the bias relative to traditional IV estimators. Thus, VSIV
estimation constitutes a data-driven approach for removing or reducing the bias in IV
estimation as much as possible, given all the information about IV validity in the data.

!See, for example, Imbens (2014); Melly and Wiithrich (2017); Huber and Wiithrich (2018) for recent
reviews, and Angrist and Pischke (2008, 2014); Imbens and Rubin (2015) for textbook treatments.

2Some papers also include the instrument first-stage assumption as part of the LATE assumptions. We will
maintain suitable first-stage assumptions.

3There is a related literature on inference with invalid instruments in linear IV models (e.g., Conley et al.,
2012; Armstrong and Kolesar, 2021; Goh and Yu, 2022).



The use of the testable implications of IV validity in VSIV estimation is more construc-
tive than the standard practice where researchers first test for IV validity, discard the instru-
ments if they reject IV validity, and proceed with standard IV analyses if they do not reject
IV validity. VSIV estimation uses the testable implications to remove invalid information in
the instruments. Consequently, it can be used to estimate causal effects in settings where
the instruments are partially invalid so that existing tests reject the null of IV validity. VSIV
estimation salvages falsified instruments by exploiting the variation in the instruments not
refuted by the data and thereby contributes to the literature on salvaging falsified models
(e.g., Kédagni et al., 2020; Masten and Poirier, 2021).

Our goal is to estimate the causal effect of an endogenous treatment D on an outcome
of interest Y, using a potentially vector-valued discrete instrument Z. In the ideal case,
Z is fully valid, i.e., the LATE assumptions hold for all instrument values (the instrument
is valid for the whole population). However, full IV validity is questionable in many ap-
plications, especially when there are many instruments or instrument values. To this end,
we introduce the notion of pairwise valid instruments.* Pairwise valid instruments are only
valid for a subset of all pairs of instrument values, which we refer to as the validity pair
set. Intuitively, the instruments are valid for some subpopulations but invalid for the oth-
ers. For example, as discussed above, not all QOBs might be valid instruments due to the

seasonality in birth patterns.

In the first step of VSIV estimation, we identify and estimate the largest validity pair
set, Z;;, using the testable restrictions for IV validity in Kitagawa (2015), Mourifié and
Wan (2017), Kédagni and Mourifié (2020), and Sun (2021). In the second step of VSIV
estimation, we estimate LATEs for all pairs of instrument values in the estimated validity
set, 2.

We study the theoretical properties of VSIV estimation under two scenarios. If the
estimated validity pair set, :@’\5, is consistent for the largest validity pair set Z7; in the
sense that P(:@% = Z%) — 1, VSIV estimation is asymptotically unbiased and normal
under standard conditions. Since the estimator of the validity pair set, %, is typically
constructed based on necessary (but not necessarily sufficient) conditions for IV validity; it
could converge to a pseudo-validity pair set %, that is larger than 25, i.e., P(:@% =2) -
1.> We prove that VSIV estimation always leads to a smaller asymptotic bias than standard

IV methods. Taken together, our theoretical results show that, irrespective of whether

#Pairwise validity can be viewed as a generalization of the partial monotonicity assumption of Mogstad
et al. (2021). See Remark 2.2 for a discussion.

SKitagawa (2015, Proposition 1.1) shows that there exist no sufficient conditions for IV validity, even in
the simplest case when D and Z are both binary.



the largest validity pair set can be estimated consistently or not, VSIV estimation leads to
asymptotically normal IV estimators with reduced bias.

VSIV estimation can be applied in many different settings. In the main text, we focus
on the leading case of a binary treatment. In the Appendix, we extend our results to
multivalued ordered treatments and also consider unordered treatments (Heckman and
Pinto, 2018). Moreover, VSIV estimation is generic—it can be used in conjunction with
any set of testable restrictions. For example, if additional testable restrictions beyond
those in Kitagawa (2015), Mourifié and Wan (2017), Kédagni and Mourifié (2020), and
Sun (2021) become available, they can be used to refine the estimator of the validity pair
set :@’\5 and further reduce the bias of VSIV estimation.

Notation. We introduce some standard notation (e.g., Sun, 2021). All random elements
are defined on a probability space (€2, .4, P). For all m € N, Bg= is the Borel o-algebra on
R™. We denote by P the set of probability measures on (R?, Bgs). The symbol ~~ denotes
weak convergence in a metric space in the Hoffmann—Jgrgensen sense. For every subset
B C D, let 15 denote the indicator function for B. Finally, we adopt the convention (e.g.,
Folland, 1999, p. 45), that

0-00=0. (1.1)

2 Identification with Pairwise Valid Instruments

Consider a setting with an outcome variable Y € R, a treatment D € D, and an instrument
(vector) Z € Z. In the main text, we focus on the leading case where the treatment is
binary, D € D = {0,1}. See the Appendix for extensions to multivalued ordered and
unordered treatments. The instrument is discrete, 7 € Z = {z,...,2x}, and can be
ordered or unordered. Let Y, € R for (d, z) € D x Z denote the potential outcomes and
let D, for = € Z denote the potential treatments. The following assumption generalizes
the standard LATE assumptions with binary instruments to multivalued instruments.

Assumption 2.1 LATE assumptions with binary treatments:

() Exclusion: For each d € {0,1}, Ya., = Ya., = - - - = Yq,,. almost surely (a.s.).

(il) Random Assignment: Z is jointly independent of (Yo.,, ..., Yosxs Yizys-- -, Y1z, ) and
(D,yy..., D).

y Mz



(iii) Monotonicity: Forall k=1,...,K —1, D > D, as.

Zk+1

Assumption 2.1 is similar to the LATE assumptions in, for example, Imbens and Angrist
(1994), Angrist and Imbens (1995), Frolich (2007), Kitagawa (2015), and Sun (2021).
It imposes exclusion, random assignment, and monotonicity with respect to all possible
values of the instrument z € Z, which can be restrictive in applications. Therefore, we
introduce the notion of pairwise instrument validity, which weakens the conditions in As-
sumption 2.1. Define the set of all possible pairs of values of Z as

Z = {(2’1, 22) ye e (2’1, ZK) ) (2’2, 23) y e (22, ZK) Yo (ZK—l,ZK), (22, 21)7 ceey (ZK,ZK—l)}-

The number of the elements in 2 is K - (K — 1). We use Z; ;) to denote a pair (2, 2i) €
Z.

Definition 2.1 The instrument Z is pairwise valid for the treatment D € {0, 1} if there is a
set 2or = {(2kys 21,)5 - -+ (Zhpy» 20y, )} € 2 such that the following conditions hold for every
(z,2') € Zu:

(1) Exclusion: For each d € {0,1}, Yy, = Yg.r a.s.
(i) Random Assignment: Z is jointly independently of (Yo., Yo, Y12, Y11, D., D.).%

(iii) Monotonicity: D, > D, a.s.

The set %, is called a validity pair set of Z. The union of all validity pair sets is the largest
validity pair set, denoted by Z;.

To illustrate Definition 2.1, consider a simple example where Z € Z = {2}, 29, 23}. If
Z is fully valid as in Assumption 2.1 such that D,, > D,, > D,, a.s., P(D,, > D,,) > 0,
and P(D,, > D,,) > 0, then we have Z3; = {(21, 22), (21, 23), (22, 23) }. The blue solid lines
in Figure 2.1(a) indicate that two instrument values, {z, z}, form a validity pair: Either
(zk, z1r) OF (zpr, 2 ) satisfies the conditions in Definition 2.1. The full validity Assumption
2.1 requires that every pair of instrument values forms a validity pair. Definition 2.1 relaxes
Assumption 2.1 as it does not require every pair to form a validity pair. For example, it
could be that only (z, z3) satisfies the conditions in Definition 2.1. The orange dashed
lines in Figure 2.1(b) indicate that {z;, 22} and {2, 23} do not form validity pairs. In this
case, the instrument 7 is pairwise but not fully valid.

This condition can be further weakened: The conditional distribution of (Yy., Y./, Y1.,Y1., D., D./)
given Z = z or Z = 2’ is the same as the unconditional distribution.
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Figure 2.1: Full IV Validity vs. Pairwise IV Validity
21 21

22 z3 22 Z3

(a) Fully Valid Instrument Z (b) Pairwise Valid Instrument Z

Remark 2.1 (Weakening Definition 2.1 with Multiple Instruments) In Appendix B.2, we
introduce a weaker notion of pairwise validity (Definition 2.1) for settings where Z contains

multiple instruments: 7 = (Z,, ..., Z)T, where Z, is a scalar instrument for | € {1,..., L}.

The following lemma shows that under pairwise IV validity, particular treatment effects
can be identified.

Lemma 2.1 Suppose that the instrument Z is pairwise valid according to Definition 2.1
with a known validity pair set 24 = {(zr, %), .-, (2ky> 21, )}.”  Then we can define
Ya(2hps 2hr,) = Yao,, = Yg.,, as. for each d € {0,1} and every (2,21 ) € Zu, and
the following quantity can be identified for every (zy,., 2, ) € Zu:

Bt km = E [Yl(zkm, 2 ) — Yo(2k,, zk;n)‘DZ% > Dzkm]
. E [Y‘Z = Zk;n} — E[Y|Z = ka]
 E[D|Z=2y]-E[D|Z=2x,]

(2.1)

Lemma 2.1 is a direct extension of Theorem 1 of Imbens and Angrist (1994) for the
case where Z is pairwise valid. We follow Imbens and Angrist (1994) and refer to 5, ..
as a LATE. Lemma 2.1 shows that if a validity pair set %, is known, we can identify
every (i k, With (2., 21 ) € 2. In practice, however, 2, is usually unknown. In
this paper, we show how to identify and estimate the largest validity pair set Z;; based
on testable restrictions for IV validity, and how to use the estimated validity pair set to
reduce the bias in IV estimation. Note that if (2, 21, ) € 2y with D, = DZ,% a.s., then
Br: kn = 0 by (1.1). Moreover, if (2,,, 2z ) € 23 and (2i: , 2x,,) € Zur, then by Definition

21D, =D., as.

Zk;n
We focus on all the LATEs (3, ;. as our objects of interest. Traditional IV estimators
yield weighted averages of LATEs (e.g., Imbens and Angrist, 1994) and, thus, are strictly

’Note that we do not need to impose a first-stage assumption here due to the convention (1.1).
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less informative. Moreover, we can always compute linear IV estimands based on the
LATEs.

Remark 2.2 (Relationship between Pairwise Validity and Partial Monotonicity) The
partial monotonicity condition proposed by Mogstad et al. (2021) is a special case of Condition
(iii) in Definition 2.1; see also Goff (2020) for related assumptions. For example, suppose that
Z = (Zy,Z,) € R? and each element of Z is binary so that Z = {(0,0), (0,1), (1,0), (1,1)}.
Suppose that Assumption PM of Mogstad et al. (2021) holds with Do) > D), Do) >
Daoy, Dagy = Dy, and D1y > Dy a.s. (the sex composition instrument in Angrist
and Evans (1998) discussed in Mogstad et al. (2021)), and that Conditions (i) and (ii) of
Definition 2.1 hold. Then a validity pair set is

{((0,1),(0,0)), ((1,0),(0,0)), ((0,1), (1, 1)), ((1,0), (1, 1))}

3 Validity Set IV Estimation

The largest validity pair set Z; is typically unknown in applications. In this paper, we
propose a procedure for estimating 2;. That is, we seek to identify and exclude (z, zy/) ¢
Y from 2, since if (2, 21/) ¢ 257, then [, in (2.1) may not be well defined or identified.
Suppose that there is a set 2, C 2 that satisfies the testable implications in Kitagawa
(2015), Mourifié and Wan (2017), Kédagni and Mourifié (2020), and Sun (2021), which
we will discuss in detail in Section 4. Then we construct an estimator :@’\5 for Z,. We refer
to the IV estimators based on (z, zy/) € %, as VSIV estimators. In the following, we assume
that a suitable estimator :@,\% is available. We discuss the construction of this estimator in

Section 4.

If %, is consistent for the largest validity pair set Z; in the sense that IP’(.:@,\% =Zu) — 1,
the proposed VSIV estimators are asymptotically unbiased and normal under standard
weak regularity conditions. We consider this case in Section 3.1. Since % is constructed
based on the necessary (but not necessarily sufficient) conditions for the pairwise IV va-
lidity, 2, could be larger than Z7;. (There exist no sufficient conditions for IV validity in
general (Kitagawa, 2015).) In Section 3.2, we show that even if % is larger than %,
VSIV estimators always yield bias reductions relative to standard IV estimators.



3.1 VSIV Estimation under Consistent Estimation of Validity Pair Set

Suppose that the estimator, %,, is consistent for the largest validity pair set Z;, in the
sense that IP’(:@% = %) — 1, and we use :@’\5 to construct VSIV estimators for the LATEs.
To construct the VSIV estimators and establish their asymptotic properties, we impose
the following standard regularity conditions. Let g be a prespecified function that maps
the value of Z to R. For example, we can simply set g(z) = z for all z if Z is a scalar
instrument.®

Assumption 3.1 {(Y;, D;, Z;)}, is an i.i.d. sample from a population such that all relevant

moments exist.
Assumption 3.2 For every Z, 1y € Ziy,

E[g(Z,)D,|ZZ c Z(ng/)] — E[D,|ZZ € Z(ng/)] . E[g(ZZ)|ZZ S Z(ng/)] 7§ 0. (3.1)

Assumption 3.1 assumes an i.i.d. data set and requires the existence of the relevant
moments. Assumption 3.2 imposes a first-stage condition for every Z; ) € Z7;. Note that
(3.1) may not hold for Z, .y ¢ 2};. This creates additional technical difficulties when
establishing the asymptotic normality of the VSIV estimators, which we discuss below. As-
sumption 3.2 also implies that if Z(, ;) € 27, then Zy ;) ¢ Z5;. Otherwise, by Definition
2.1, D,, = D, and (3.1) does not hold. For every random variable ¢; and every A € Z,

we define

1 n
_n 2 &iliZi € A}

For every Z; ;) € 2, we run the IV regression

_ El&1{Z € A}]
and & (&, A) = El{Z € A"

Vil{Zi € 2wy} =0un1 {%i € Zewn} + Vaun Dl {Zi € Zioin } + &1 {Zi € 2oy}
(3.2)

using ¢(Z;)1{Z; € Zu} as the instrument for D;1{Z; € Z4)}. Given the estimated
validity set :@%, we set the VSIV estimator for each 2 ;) as

En (9 (Zz) Y, Z(k,k’)) - &, (9 (Zz) 7Z(k,k’)) En (Yu Z(k,k’))
En (9 (Zz) D;, Z(k,k’)) - &, (9 (Zz) >Z(k,k’)) En (Di, Z(k,k’))

8The choice of g will affect the efficiency of the VSIV estimators. We leave the formal analysis of the
optimal choice of g for future study.

Blewy = 1{Zum) € B} - . (33)




which is the IV estimator of 7(1,67,6,) in (3.2) multiplied by 1{Z 1) € :@,\"0}

Remark 3.1 For every Z, 1) € Q/%\, the estimation in (3.3) is equivalent to the canonical IV
estimation in the subsample of {(Y;, D;, Z;) }i-, with Z; € Zy, ).

Define the vector of VSIV estimators as

N R - R N T
61 = (5(1172)7 ce 76(1171{)7 s 76(1[{71)7 ce 76(1[{7]{—1)) :
We also define

& (g (Zz) Yi, Z(k k’)) - & (g (Zz) 7Z(k k’)) g (Yu Z(k k’))
1 _ . ) , ,
o = 14200 € 201 42 D, Z) — € (9120 Zu) € (De Za)

(3.4)

and

T (3.5)

pr = (5(1172)7 e 75(11,1{)» e 76(11(71)» e aﬁ(lK,K—l))
Remark 3.2 If Z ) ¢ %, the parameter [y, in (2.1) may not be well defined or identi-
fied, and we set 5(1,%,6,) = 0 by (3.4) and (1.1). Similarly, if Z ) ¢ %, B(lk,k’) = 0 by (3.3)
and (1.1).

The next theorem establishes the asymptotic distribution of the vector of VSIV estimator
Bl, obtained based on the estimator of the instrument validity pair set Z;.

Theorem 3.1 Suppose that the instrument 7 is pairwise valid for the treatment D according
to Definition 2.1 with the largest validity pair set 25 = {(zr,, 2x;), - - -5 (2ky,, 2 )}, and that
the estimator :@;0 satisfies IP’(:@;O = Z) — 1. Under Assumptions 3.1 and 3.2,

V(B — B1) 5 N(0,%), (3.6)

where ¥ is defined in (B.5) in the Appendix. In addition, 6(119,/«) = By 1 as defined in (2.1) for
every (zx, zr) € Zis-

Theorem 3.1 establishes the joint asymptotic normality of the VSIV estimator of the
LATEs. Establishing the asymptotic distribution in (3.6) requires a careful treatment of the
case where the first-stage Assumption 3.2 does not hold for some pairs of instrument values
Z ) that are not in the largest validity pair set Z7;, that is, 2,y ¢ 2. Specifically,
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we show that in this case, IP’(.:@,\% = Zy) — 1 implies that, if Z;, ) ¢ 2}, then for every
p >0, IH{Zuw € é’\{)} = 0,(1). This guarantees the convergence in (3.6) even when
Assumption 3.2 does not hold for Z ;). The asymptotic covariance matrix ¥ defined in
the Appendix can be consistently estimated under standard conditions. Importantly, the
estimation of the instrument validity pair set does not affect the asymptotic covariance
matrix such that standard inference methods can be applied.

The LATE f3, may not be identified if Z() ¢ Zur Let Bis = (B, ) - Bluginy)”
for some S > 0. In our context, it is interesting to test hypotheses about 6(1R7k,) with
Zuwy € Zir (6(11@,/«) is equal to the LATE f3; ), by Theorem 3.1):

Ho: 2,0, € s - - .,Z(,.Csﬁls) € Zu, R(Ais) =0, (3.7)

where R is a (possibly nonlinear) smooth r-dimensional function. Let R'(f8s) be the
r x S matrix of the continuous first derivative functions at an arbitrary value (g, that
is, R'(Bs) = OR(Bs) /0BL. Let Ig be a S x (K — 1) K matrix such that for every 3 =

(Ba2ys - Bakys - By - - B —1))
ZsB = (Birawy)s - > Birswiy))
Theorem 3.1 implies that
V(Bis — pis) = VnZs(Br — B1) > N (0,Ds),
where Yg = T2 T so that, by the delta method, we obtain
Vn {R(B\IS> - R (515)} 4N (07 R (Brs) s (515)T> :

We construct the test statistics as
S
781 = [[1{Zwm € 2}
s=1
and

TS, = VAR(Bis) {R(Bis)ISIER Bis)™} VaR(Bis).

where ¥ is a consistent estimator of Y, which can be constructed based on the formula in
(B.5). Suppose that Assumptions 3.1 and 3.2 hold and IP’(:@% = %) — 1. If Hy is true and
R'(Bi1s) is of full row rank, then it follows from standard arguments that 7'Ss,, LN X2 for

10



some chi-square distribution y? with the degrees of freedom r. The decision rule of the test
is to reject Hy if T'Sy,, = 0 or T'Sy,, > ¢, (), where ¢, («) is such that P(y? > ¢,.(a)) = « for
some predetermined « € (0, 1). The following proposition establishes the formal properties

of the proposed test.

Proposition 3.1 Suppose that Assumptions 3.1 and 3.2 hold and IP’(EEO =Zu) — L

() IfHy is true, P ({T'S), = 0} U {T'S, > ¢,(a)}) = a.

(i) If Hy is false, P ({7'S1, = 0} U{T'Ss, > ¢.(a)}) — 1.

3.2 Bias Reduction using VSIV Estimation

In Section 3.1, we show that if the estimator of the validity set is consistent, IP’(.,@% =
Zi1) — 1, VSIV estimators are consistent for LATEs under weak conditions. However,
since %2 is constructed based on necessary (but not necessarily sufficient) conditions for
IV validity, we have IP’(:@% = %)) — 1in general, where the pseudo-validity pair set %, could
be larger than Z;. In this case, VSIV may not be asymptotically unbiased. Here we show
that even if %) is larger than %;;, the VSIV estimators always reduce the bias relative to
standard IV estimators.’ Intuitively, VSIV estimators use the information in the data about
IV validity to reduce the asymptotic bias as much as possible.

Since our target parameter is the vector (3;, a natural definition of the estimation bias
is ||1 — S| for every estimator f;.

Definition 3.1 The estimation bias of an arbitrary estimator (3 for the true value 3, defined
in (3.5) is defined as ||3, — (1|2, where || - || is the ¢>-norm on Euclidean spaces.

Consider an arbitrary presumed validity pair set 2%, which could incorporate prior
information. Given %p, we define 2] = 2, N Zp and use Z to construct the VSIV
estimators in (3.3).

The next assumption extends Assumption 3.2 to Z;.
Assumption 3.3 For every Z. 1y € 2,

E[g(ZZ)DZ|ZZ c Z(/ﬁk/)] — E[DZ|ZZ c Z(/ﬁk/)] . E[g(ZZ)|ZZ S Z(k,k’)] 75 0. (3.8)

Standard IV estimators are equal to VSIV estimators with some presumed (unverifiable) validity pair set.

11



The following theorem shows that the VSIV estimators based on é’?o’ always exhibit a
smaller asymptotic bias than standard IV estimators based on 2.

Theorem 3.2 Suppose that Assumptions 3.1 and 3.3 hold and that IP’(:@% = 2 — 1
with 2y O %3;. For every presumed validity pair set Zp, the asymptotic estimation bias
plim,, _>OO||§1 — Bi|2 is always reduced by using :@?0’ in the estimation (3.3) compared to the

bias from using Zp.

As shown in Proposition 4.1 below, the pseudo-validity pair set %, can always be
estimated consistently by %, under mild conditions. Compared to constructing stan-
dard IV estimators based on %5, Theorem 3.2 shows that the asymptotic estimation bias,
plimn_mHB\l — [1]|2, can be reduced by using VSIV estimators based on .,EEO’ = %N %

The arguments used for establishing the asymptotic normality of the VSIV estimators in
Section 3.1 do not rely on the consistent estimation of 25;. Thus, irrespective of whether
%5 can be estimated consistently, the VSIV estimators are asymptotically normal, centered
at 3, defined with %, instead of %;;. However, note that $; can only be interpreted as a
vector of LATEs under consistent estimation.

Example 3.1 (Bias Reduction using VSIV Estimation) Consider a simple example where
Z =1{1,2,3,4} as in our application and suppose that %5; = {(1,2)}. In this case, by (3.4)
and (1.1),

T

B = (ﬁ(lm)a ) 5(11,4)7 cee 7ﬁ(14,1)7 e 75(14,3))T = (5(11,2)7 0,..., 0)

Suppose that, by mistake, we assume Z is valid according to Assumption 2.1 and use

Zp = {(17 2)7 (17 3)7 (17 4)7 (27 3)7 (27 4)7 (37 4)}

as an estimator for %;;. Then by (3.3) and (1.1),

. . . .

~ ~ ~ T
Bl = <B(11,2)7B(11,3)7B(11,4)7ﬁ(12,3)7ﬁ(12,4)7ﬁ(13,4)707070707070) ) (3.9)

where 3(11’3), 3(11’4), 5(1273), 3(12’4), and 3\(13’4) may not converge to 0 in probability. However, by
definition 6(1173) =0, 6(1174) =0, 6(1273) =0, 5(1274) =0, and 5(1374) = 0. Thus, the bias ||§1 — Bill2
may not converge to 0 in probability. The approach proposed in this paper helps reducing
this bias as much as possible. We exploit the information in the data about IV validity to
obtain the estimator %,. Even if % converges to a set larger than %7; (because we use the
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necessary but not sufficient conditions for IV validity), VSIV always reduces the bias. Suppose
that 25 = {(1,2),(3,4)}, which is larger than %y; but smaller than %p. In this case, the
VSIV estimator j3, constructed by using Zon % converges in probability to

By = (Bl.2,0,0,0,0, 8% 1), 0,0,0,0,0,0)" (3.10)
where B(lé 2 lj the probability limit of 3\(13 4~ Then, clearly, VSIV reduces the probability limit
of the bias ||f1 — b1]|2-

3.3 Partially Valid Instruments and Connection to Existing Results
Suppose we estimate the following canonical IV regression model,
Yi=a¢+ a1 D; + €, (3.11)

using g(Z;) as the instrument for D;. When the instrument 7 is fully valid, the traditional
IV estimator of o is

~ _ N Z?:l 9(Z;)Y; — Z:'L:l 9(Z;) Z?:l Y; 3.12
“ n Z?:l 9(Z;) D; — Z:-L:l 9(Z;) Z?:l D; (3.12)

The asymptotic properties of a; can be found in Imbens and Angrist (1994, p. 471) and
Angrist and Imbens (1995, p. 436).

To connect VSIV estimation to canonical IV regression with fully valid instruments,
consider the following special case of pairwise IV validity.

Definition 3.2 Suppose that the instrument Z is pairwise valid for the treatment D with the
largest validity pair set %5;. If there is a validity pair set

ffM = {(ka Zkz)v (Zkzv st)v SR (ZkaU ZkM)}

for some M > 0, then the instrument Z is called a partially valid instrument for the
treatment D. The set Zy; = {2k, ..., 2k, } is called a validity value set of Z.

Assumption 3.4 The validity value set Z,; satisfies that

Elg(Z)DilZ; € 2Zu] — E[D;|Z; € 20 - Elg(Z))|Zi € Zu] # 0. (3.13)
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Suppose that 7 is partially valid for the treatment D with a validity value set Z,,;, and
that there is a consistent estimator Z’B of Z,,. We then construct a VSIV estimator for «; in
(3.11) by running the IV estimation for the model

Vit{Zi e Z} =101 {Z e Z} + nD1{Z € Zo} +a1{Z € Z}, (3.14)

using ¢(Z;)1{Z; € z} as the instrument for D;1{Z; € é\o} We obtain the VSIV estimator
for a; in (3.11) by

_ nXLg(Z)va
0, = {

n.y i1 9(Zi) Dil

Z; € é\o} - Z?:lg(zi) 1 {Zi € é;} Z?:lyil {Zi S é;}

7 ¢ é\o} S g(Z)1 {ZZ- € Z)} S D {Zi c Z]}
(3.15)

)

where n, =Y |, 1{Z; € 2’\0} We can see that 51 is a generalized version of a; in (3.12),
because when the instrument is fully valid, we can just let é’\o — Z and then 6, = Q.

Theorem 3.3 Suppose that the instrument Z is partially valid for the treatment D according
to Definition 3.2 with a validity value set Zy; = {2k, ..., 2k, }, and that the estimator Z
for Z,, satisfies P(é; = Z)) — 1. Under Assumptions 3.1 and 3.4, it follows that 51 20,
where

Elg(Z)Yi|Zi € Z2u] — EYi|Z; € Zul E g (Zi)|Zi € Zu]

0, = )

Also, \/ﬁ(é\l —61) AN (0,321), where 3, is provided in (B.25) in the Appendix. In addition,
the quantity ¢, can be interpreted as the weighted average of { B, k1, - - -+ Bk kas_, + defined as
in (2.1). Specifically, 6, = 2%2—11 o B s o With

[l =
[p (kaﬂ) _p(zkm)} l]\i;mlp (Zi - Zkl+1|Zi € ZM) {g (Zlirl) —Elg(Zi)|Z; € ZM]}
P (Zi = 2| Zi € 2u) p (2) {9 (2) — E g (Z:) 1 Zi € 2}

Y

p (zk) =F [D2|ZZ = zk]) and Zr]g:_ll Ho, = 1.

Theorem 3.3 is an extension of Theorem 2 of Imbens and Angrist (1994) to the case
where the instrument is partially but not fully valid. To establish a connection to exist-
ing results, Theorem 3.3 assumes consistent estimation of the validity value set, IP’(E:’B =
Zy) — 1. If Z, converges to a larger set than Z,,, the properties of VSIV follow from
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the results in Section 3.2 because partially valid instruments are a special case of pairwise
valid instruments.

4 Definition and Estimation of %

Here we discuss the definition and the estimation of 2 based on the testable implications
in Kitagawa (2015), Mourifié and Wan (2017), Kédagni and Mourifié (2020), and Sun
(2021) for pairwise IV validity. We show that under weak assumptions, the proposed esti-
mator .,@% is consistent for the pseudo-validity set 2 in the sense that IP’(.:@,\% =2) — 1. As
a consequence, when 2, = %, the largest validity pair set can be estimated consistently.

When D is binary, by Lemma B.1, the testable implications in Kédagni and Mourifié
(2020) are implied by those in Kitagawa (2015), Mourifié and Wan (2017), and Sun
(2021), and we focus on the latter testable implications throughout this section.’® We
are not aware of results on the connection between these two sets of testable implications
with multivalued D. Therefore, when D is multivalued, we construct two sets of pairs of
instrument values satisfying the testable implications in Kitagawa (2015), Mourifié and
Wan (2017), Sun (2021), and those in Kédagni and Mourifié (2020), respectively, and
construct Z; as the intersection of these two sets (see Appendices B.4 and C.2).

The definition of 2 relies on the testable implications proposed in Kitagawa (2015),
Mourifié and Wan (2017), and Sun (2021). These testable implications were originally
proposed for full IV validity. In the following, we extend them to Definition 2.1. To de-
scribe the testable restrictions, we use the notation of Sun (2021). Define conditional
probabilities

P,(B,C)=P(Y e€B,DeCl|Z=z)

for all Borel sets B,C' € Br and all z € Z. With the largest validity pair set 25 =
{(Zkas 201), - - (2hyyo 200 )} for every m e {1, M}, it follows that

P

Zkm

(B.{1}) < P, (B.{1}) and P, (B.{0}) > P,, (B.{0}) @.1)

for all B € Bg. By definition, for all B, C' € Bg,

P(YeB,DeC,Z=xz)
P(Z=z2) '
OWe note that this result is tailored to our focus on LATE-style parameters. For other parameters of

interest, it is possible that the testable restrictions in Kédagni and Mourifié (2020) can help obtain sharper
identification results. We thank Ismael Mourifié for pointing this out to us.

PYeB DeC|lZ=z)=
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Define the function spaces

gP = {(1R><R><{zk}7 1R><R><{zk/}) : ka K S {17 SR K}7 k # k/} )

H = {(—1)d - 1pxiayxr : B is a closed interval in R, d € {0, 1}} , and

H = {(—l)d - 1px{ayxr : B is a closed, open, or half-closed interval in R, d € {0, 1}} )
4.2)

Similarly to Sun (2021), by Lemma B.7 in Kitagawa (2015), we use all closed intervals
B C R to construct H instead of all Borel sets.

Suppose we have access to an i.i.d. sample {(Y;, D;, Z;)}I, distributed according to
some probability distribution P in P, that is, P(G) = P((Y;, D;, Z;) € G) for all G € Bgs.
For every measurable function v, with some abuse of notation, define

P(v):/vdP.

The closure of H in L?(P) is equal to H by Lemma C.1 of Sun (2021). For every (h, g) €
H x Gp with g = (g1, g2), define

¢(h79>: : -

and

p(h2-92)_P2(h-gQ) P(h2'£11)_P2(h'91)}7 (4.3)

o*(h, g) = A(P) - { P2 (g5) P3(g2) * P2 (g1) P2 (g1)

where A(P) = [, P(lrxrxizy) and P™(g;) = [P(g;)]" form € N and j € {1,2}. We
denote the sample analog of ¢ as

o~

¢ (h,g) = " g2)

P(h-g2)  P(h-g)
P(g2) P

(91)

)

where P is the empirical probability measure corresponding to P so that for every mea-
surable function v,

n

P(v)y==Y v(Y;,Di, Z). (4.4)

i=1
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For every (h, g) € H x Gp with g = (g1, g2), define the sample analog of o2(h, g) as

z, {ﬁ<h2~g2> _Phog) | Pg) _ﬁ2<h-gl>}

52 h, - ", — = = D
BT R e e | P

where T, = n - Hszl ﬁ(leRX{%}). By (1.1), 52 is well defined. By similar proof of Lemma
3.1 in Sun (2021), 02 and 52 are uniformly bounded in (A, ). The following lemma refor-
mulates the testable restrictions in (4.1) in terms of ¢. Below, we use this reformulation to
define 2 and the corresponding estimator :@%

Lemma 4.1 Suppose that the instrument Z is pairwise valid for the treatment D with the
largest validity pair set Zy; = {(zk,, 2 - - - (Zy, 2w )} Foreverym € {1,..., M}, we have
that supj,ey, ¢ (h, ) = 0 with g = (Irxrx{zr,, 1 IRxRx{z, })-

Lemma 4.1 provides a necessary condition based on Kitagawa (2015), Mourifié and
Wan (2017), and Sun (2021) for the validity pair set Z;. Define

~

sup M > In 9
ner oV o(h, g)

(4.5)
where 7, — oo with 7,,//n — 0 as n — oo, and & is a small positive number.!! The set G,
is different from the contact sets defined in Beare and Shi (2019), Sun and Beare (2021),

and Sun (2021) in independent contexts because of the presence of the map sup. A further

heH

QOZ{gegp:sup¢(h,g):0} andé(]:{gegp:\/i

discussion about the estimation of contact sets can be found in Linton et al. (2010) and
Lee et al. (2013). Define %, as the collection of all (z, 2’) associated with some g € Gy:

2o ={(2,21) € Z : g = (Ipxmx s} LRxRx{z,}) € o} - (4.6)

For example: if K = 4 and gO = {(1R><R><{z1}> 1R><[R><{zz})> (1R><IR><{23}7 1R><R><{z4})}: then % =

{(21, 22), (23, 24)}. By Lemma 4.1, Z3; C Z;. We use G, to construct the estimator of %,
denoted by :@’\5, which is defined as the set of all (z, 2’) associated with some g € QAO:

é;() = {(Zkazk/) € :g= (1R><R><{zk}> 1R><R><{zk,}) € G\o} . 4.7)

Note that (4.7) is the sample analog of (4.6). The following proposition establishes con-
sistency of %,

1n practice, we use & = 0.001.
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Proposition 4.1 Under Assumption 3.1, IP’(QAO = Go) — 1, and thus IP’(:@?O =2 — L

Proposition 4.1 is related to the contact set estimation in Sun (2021). Since, by defini-
tion, Gy C Gp and Gp is a finite set, we can use techniques similar to those in Sun (2021)
to obtain the stronger result in Proposition 4.1, that is, IP’(C;O =Gy) — L.

5 Simulation Evidence

Here we evaluate the finite sample performance of our method in Monte Carlo simulation.
In Section 6, we present additional Monte Carlo evidence based on our empirical applica-
tion. We consider the case where D € {0,1} and Z € {0, 1,2}. The presumed validity set
is Zp = {(0,1),(0,2),(1,2)}. For each simulation, we use 1,000 Monte Carlo iterations.
To calculate the supremum in /7),| supy,cy ngﬁ(h, 9)/(& Vv a(h,g))| for every g, we use the
approach employed by Kitagawa (2015) and Sun (2021). Specifically, we compute the
supremum based on the closed intervals [a, b] with the realizations of {Y;} as endpoints,
i.e., intervals [a, b] where a,b € {Y;} and a < b. We consider four data generating processes
(DGPs) where Assumption 2.1 does not fully hold. These DGPs are constructed based on
those used in Kitagawa (2015) and Sun (2021). We consider two different sample sizes
n € {1500, 3000} and report results for 7,, € {2,2.5,...,6.5}.

For all DGPs, we specify U ~ Unif(0,1), V' ~ Unif(0,1), W ~ Unif(0,1), and Z =
2x {U < 0.3} +1{0.3 < U < 0.65}. For DGPs (1)-(4), we set D, = 1{V < 0.5} for
2=0,1,2,D=3"_1{Z =2} x D., N; ~ N(0,1), Noo = Nz, and N, = N for d = 0, 1
and z = 1, 2.

(1): Ny~ N(—0.7,1), Y =372 1{Z = 2} x (X4 1{D = d} x Ng.)
(2): Nig~ N(0,1.6752), Y =37 1{Z = 2} x (30_y 1{D = d} x Ny.)
(3): Nig ~ N(0,0.515%),Y =37 1{Z = 2} x (30 1{D = d} x Ng.)

(4): Niga ~ N(—1,0.125%), Ny, ~ N(—0.5,0.125%), Nyg. ~ N(0,0.1252),
Niog ~ N(0.5,0.125%), Nyg. ~ N(1,0.1252), Nyg = 1{W < 0.15} x Nyge + 1{0.15 <
W <0.35} X Nigp+1{0.35 < W < 0.65} X Nyg.+1{0.65 < W < 0.85} X Nygg+ 1{W >
0.85} X Nige, and Y = 322 1{Z = 2} x (30_y 1{D = d} x Ny.)

The random variables U, V', W, N, and N,q are mutually independent. Note that, for
all DGPs, & = %y N Zp = {(1,2)}. Tables 5.1-5.2 show the empirical probabilities with
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which each element of %5 is selected to be in :@’\5 in the simulations. The results show that
choosing 7, is subject to a trade-off between the ability of our method to screen-out invalid
pairs and its ability to include valid pairs. Given the nature of the method, screening-out
invalid pairs is particularly important since IV estimation using these pairs yields biased
estimates. For n = 1500, choosing 7,, = 3.5 allows for excluding invalid pairs with high
probability across all DGPs while selecting valid pairs with relatively high probability. For
n = 3000, our method with 7,, = 4 detects invalid pairs almost perfectly while selecting
valid pairs with high probability. Overall, the simulation results show that the proposed
method performs well in identifying the validity pair set in finite samples.

In empirical practice, we suggest choosing 7,, using application-based Monte Carlo sim-
ulations. We illustrate this approach in Section 6.

Table 5.1: Validity Pair Set Estimation (n = 1500): Selection Probabilities

DGP (1) DGP (2) DGP (3) DGP (4)

01 02 1,2 ©O,1) (02 (1,2) 01 ©2 1,2) ©O1) (©0,2) (1,2)

2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

2.5 0.000 0.000 0.003 0.000 0.000 0.003 0.000 0.000 0.003 0.000 0.000 0.003
3 0.000 0.001 0.209 0.000 0.000 0.209 0.000 0.000 0.209 0.002 0.001 0.209

3.5 0.000 0.002 0.754 0.000 0.001 0.754 0.001 0.002 0.754 0.049 0.052 0.754
4 0.010 0.012 0.970 0.020 0.020 0.970 0.006 0.017 0.970 0.195 0.241 0.970

4.5 0.036 0.057 0.994 0.141 0.143 0.994 0.036 0.065 0.994 0.462 0.513 0.994
5 0.109 0.155 1.000 0.410 0.406 1.000 0.113 0.141 1.000 0.721 0.765 1.000

5.5 0.256 0.308 1.000 0.718 0.720 1.000 0.243 0.279 1.000 0.888 0.917 1.000
6 0.457 0.530 1.000 0.913 0.914 1.000 0.458 0.490 1.000 0.960 0.971 1.000

6.5 0.662 0.741 1.000 0.976 0.984 1.000 0.661 0.691 1.000 0.986 0.993 1.000

Tn

Table 5.2: Validity Pair Set Estimation (n = 3000): Selection Probabilities

DGP (1) DGP (2) DGP (3) DGP (4)

o1n 02 1,2) 0,1 (0,2 (1,2) O (©,2) (1,2) (0,1) (0,2) (1,2)

2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

2.5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
3 0.000 0.000 0.043 0.000 0.000 0.043 0.000 0.000 0.043 0.000 0.000 0.056

3.5 0.000 0.000 0.614 0.000 0.000 0.614 0.000 0.000 0.614 0.000 0.001 0.615
4 0.000 0.000 0.933 0.000 0.000 0.933 0.000 0.000 0.933 0.009 0.014 0.927

4.5 0.000 0.000 0.994 0.000 0.000 0.994 0.000 0.001 0.994 0.037 0.070 0.998
5 0.000 0.001 1.000 0.000 0.003 1.000 0.000 0.001 1.000 0.132 0.210 1.000

5.5 0.003 0.001 1.000 0.014 0.017 1.000 0.002 0.002 1.000 0.344 0.455 1.000
6 0.010 0.009 1.000 0.095 0.114 1.000 0.005 0.012 1.000 0.601 0.709 1.000

6.5 0.031 0.043 1.000 0.327 0.364 1.000 0.035 0.050 1.000 0.807 0.872 1.000

Tn
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6 Empirical Application

6.1 Setup

We revisit the study of Angrist and Krueger (1991) and examine the use of the classical
quarter of birth (QOB) instrument for estimating the returns to schooling. As explained by
Dahl et al. (2017), the validity of this instrument has been contested. For example, Bound
et al. (1995) argue that the exclusion restriction (Assumption 2.1.(i)) is not plausible
because of seasonal birth patterns; see also Buckles and Hungerman (2013). Moreover,
the validity of the monotonicity assumption (Assumption 2.1.(iii)) is questionable due to
strategic parent behavior when enrolling their children (e.g., Barua and Lang, 2016).

Here we use the proposed method to remove invalid variation in the QOB instrument.
The data set is from Angrist and Krueger (1991), and we use the same sample of 486,926
men born between 1940 and 1949 as in Dahl et al. (2017).'2 Following Dahl et al. (2017),
the outcome Y is the log weekly wage, and the binary treatment D is equal to 1 if an
individual has 13 or more of years of schooling and 0 otherwise. The QOB instrument
Z € {1,2,3,4} indicates the quarter in which an individual is born. We assume that
Zp ={(1,2),(1,3),(1,4),(2,3),(2,4), 3,4)}.

6.2 Choosing 7, using Application-based Simulations

We determine the choice of 7,, using an application-based Monte Carlo simulation. We
construct four DGPs similar to those in Section 5 and calibrated to match joint distribution
of (D, Z) in the data. Let U ~ Unif(0,1), V' ~ Unif(0,1), W ~ Unif(0,1), Z = 1{U <
0.2418} + 2 x 1{0.2418 < U < 0.4774} + 3 x 1{0.4774 < U < 0.7440} + 4 x 1{U > 0.7440},
Dy = 1{V < 0.5104}, Dy = 1{V < 0.5187}, D3 = 1{V < 0.5203}, D, = 1{V < 0.5295},
D =1 1{Z =2} xD., Ny ~ N(0,1), Nop = Nz, and N;, = N for d = 0,1 and
z =1, 3,4. The DGPs are specified as follows.

(1): Nig~ N(=0.07,1), Y =31 1{Z =2} x (Xh_,1{D =d} x Ng.)
(2): Nia ~ N(0,1.06752), Y = 31 1{Z = 2} x (3o, 1{D = d} x Ng.)

(3): Nia ~ N(0,0.9325%), Y =31 1{Z = 2} x (1o 1{D = d} x Ng.)

2The data set was downloaded from https://economics.mit.edu/faculty/angrist/datal/data/angkru1991
(last accessed February 5, 2022).
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(4): Nigq ~ N(—0.1,0.925%), Nyg, ~ N(—0.05,0.9252), Nio. ~ N(0,0.925%),
Nizg ~ N(0.05,0.925%), Nige ~ N(0.1,0.925%), Nip = 1{W < 0.15} x Nig, + 1{0.15 <
W <0.35} X Nygp+1{0.35 < W < 0.65} X Nig.+1{0.65 < W < 0.85} X Nygg+ L{W >
0.85} X Nig,and Y =320 1{Z = 2} x (0_, 1{D = d} x Ny.)

The random variables U, V, W, Ny, and Ny, are mutually independent. For all DGPs,
Zr = 20N Zp ={(1,3),(1,4),(3,4) }. These four DGPs match the empirical proportions
for Z =1,7Z =2,7Z = 3,and Z = 4 (0.2418, 0.2356, 0.2666, and 0.2560, respectively) as
well as the proportions for D = 1 given Z =1, D = 1 given Z = 2, D = 1 given Z = 3,
and D = 1 given Z = 4 (0.5104, 0.5187, 0.5203, and 0.5295, respectively).

Since the sample size is very large, for computational tractability, we randomly choose
200 observations from {Y;} to construct closed intervals for /. We report simulation results

based on 1,000 repetitions. For each repetition r, we denote the H constructed by the 200
randomly chosen observations by H,., and we use #, to construct

/T max { sup & (h, )/ (€ V 3(h, ). o} |

heH,

Note that for every r,

VT max{sup 3 (h, 9)/(60 v 3, g>>,o} < VT,

heH,

sup 3 (h, 9)/ (6 v a(h,g»\ 6D

heH

We use /T, max{supycs, g/bf(h, 9)/(& Vv a(h,q)),0} in each iteration of the simulations
for the estimation of the validity pair set. If H, = H, the equality in (6.1) holds. As H,
increases to H, the simulation results would converge to those from using the statistic
V| suppeqy 0 (h,g9)/(& V @ (h,g))|. Table 6.1 shows the empirical inclusion probabilities
of all pairs in Zp. Given the nature of our approach, which is based on necessary (but not
necessarily sufficient) conditions, we recommend choosing 7, conservatively: We prefer
smaller values of 7,,, provided that the selection rates for valid pairs are high enough.
When 7, is larger than or equal to 4, the selection rates for the valid pairs (1,3), (1,4),
and (3,4) are all close to 100%, while the selection rates for the invalid pairs (1,2), (2, 3),
and (2,4) are still below 0.5% across all DGPs for 7,, < 4.1. This suggests that a reasonable
conservative choice is 7, = 4. For this choice, our method screens out invalid pairs with
high probability while maintaining high selection rates for the valid pairs.
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Table 6.1: Validity Pair Set Estimation Application-based DGPs: Selection Probabilities

DGP (1) DGP (2)

(1,2) (1,3) (1,49 2,3 2,49 G4 (1,2 (1O,3) (1,49 23 2,49 G4

1.5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
2 0.000 0.001 0.010 0.000 0.000 0.000 0.000 0.001 0.016 0.000 0.000 0.001

2.5 0.000 0.109 0.361 0.000 0.000 0.108 0.000 0.104 0.347 0.000 0.000 0.104
3 0.000 0.622 0.832 0.000 0.000 0.617 0.000 0.624 0.828 0.000 0.000 0.613

3.5 0.000 0.932 0.976 0.000 0.000 0.923 0.001 0.936 0.976 0.000 0.000 0.924
4 0.000 0.991 0.997 0.000 0.001 0.993 0.003 0.991 0.998 0.000 0.000 0.990

4.1 0.000 0.995 0.998 0.000 0.001 0.995 0.004 0.994 0.999 0.000 0.000 0.993
4.2 0.000 0.997 0.999 0.000 0.001 1.000 0.006 0.996 1.000 0.000 0.000 0.998
4.3 0.000 0.997 0.999 0.000 0.002 1.000 0.008 0.996 1.000 0.000 0.000 0.998
4.4 0.000 1.000 1.000 0.000 0.003 1.000 0.011 0.998 1.000 0.000 0.000 1.000
4.5 0.001 1.000 1.000 0.000 0.004 1.000 0.020 0.999 1.000 0.000 0.000 1.000
5 0.012 1.000 1.000 0.000 0.024 1.000 0.064 1.000 1.000 0.000 0.004 1.000

DGP (3) DGP (4)

1,2 1,3 1,49 2,3 249 G649 1,20 1O,3) 1,49 2,3 249 G4

1.5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
2 0.000 0.001 0.017 0.000 0.000 0.001 0.000 0.002 0.014 0.000 0.000 0.002
2.5 0.000 0.109 0.359 0.000 0.000 0.113 0.000 0.109 0.366 0.000 0.000 0.106
3 0.000 0.621 0.827 0.000 0.000 0.614 0.000 0.628 0.838 0.000 0.000 0.612
3.5 0.000 0.932 0.976 0.000 0.000 0.922 0.000 0.929 0.979 0.000 0.000 0.914
4 0.000 0.989 0.996 0.000 0.000 0.991 0.000 0.991 0.997 0.000 0.001 0.991
4.1 0.000 0.995 0.997 0.000 0.001 0.993 0.000 0.994 0.999 0.000 0.002 0.994
4.2 0.000 0.997 0.999 0.000 0.003 0.999 0.000 0.997 1.000 0.000 0.002 0.999
4.3 0.000 0.998 1.000 0.000 0.006 1.000 0.000 0.997 1.000 0.000 0.002 1.000
4.4 0.000 1.000 1.000 0.000 0.012 1.000 0.000 0.999 1.000 0.000 0.002 1.000
4.5 0.000 1.000 1.000 0.000 0.017 1.000 0.000 1.000 1.000 0.000 0.002 1.000
5 0.000 1.000 1.000 0.000 0.054 1.000 0.000 1.000 1.000 0.000 0.008 1.000

6.3 Empirical Results

To ensure computational tractability, we construct 4 based on a random subsample of 200
observations as in Section 6.2. Specifically, we estimate Z}; by the intersection of 2% and
%, in (4.7) with

Gy = {0+ Vmox{swpd /@ vataof <nf. 62

where H is constructed as described above.

The results in Table 6.2 show that as 7,, increases, the number of selected pairs in-
creases (as expected). The simulations in Section 6.2 show that 7, = 4.0 is a reasonable
conservative tuning parameter choice. For this choice, all pairs except for (2,4) are se-
lected. The pair (2,4) remains excluded for 7,, < 4.3. This suggests that one should be
careful about using the instrument value pair (2,4) (the contrast between the second and
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the fourth quarter) in this application.

~

The last row of Table 6.2 presents the VSIV estimates 5(1k’k,) for 7, = 4.0. If (2,4)
were included in the estimated validity pair set, then the corresponding LATE would be
negative, 3(1274) = —0.9049. It is interesting to note that 3(11’4) and 3(13’4) are negative.'®
One possible explanation for this counterintuitive finding is that pairwise IV validity does
not hold for the pairs (1,4) and (3,4), consistent with the concerns about the validity of
the QOB instrument discussed above.'* VSIV estimation detects the invalid pair (2,4) (for
which the effect is also negative), but because it relies on necessary conditions and because
we only use 200 observations to construct # to ensure computational tractability given the
very large sample size, it may not detect all invalid pairs.

The results in this empirical application demonstrate that VSIV estimation is a valuable
tool for screening out invalid variation in the QOB instrument. Even if the information in
the testable restrictions for IV validity is not sufficient for screening out all invalid pairs,
VSIV estimation reduces the bias relative to standard IV methods.

Table 6.2: Validity Pair Set Estimation in Application

Tn (1,2) (@3 @€1,49 (2,3) 2,9 G4
2 0 0 0 0 0 0
2.5
3
3.5
4
4.1
4.2
4.3
4.4
4.5 1

Bl 0.2870 02706 -0.3858 0.1836

[ T g T g
G S g S gy
[ e )
Y o N o)
= e e e O

—_
—_

0
0
0
0
0
0
0
1
1
0

-1.0902

13The negative effects are due to negative reduced-form estimates.
14Dahl et al. (2017) exclude the winter quarters altogether due to concerns related to winter births being
disproportionately by teenagers and unmarried women.

23



References

Angrist, J. D. and Evans, W. N. (1998). Children and their parents’ labor supply: Evidence
from exogenous variation in family size. American Economic Review, 88(3):450-477.
Angrist, J. D. and Imbens, G. W. (1995). Two-stage least squares estimation of average
causal effects in models with variable treatment intensity. Journal of the American Sta-

tistical Association, 90(430):431-442.

Angrist, J. D., Imbens, G. W., and Rubin, D. B. (1996). Identification of causal effects using
instrumental variables. Journal of the American Statistical Association, 91(434):444-455.

Angrist, J. D. and Krueger, A. B. (1991). Does compulsory school attendance affect school-
ing and earnings? The Quarterly Journal of Economics, 106(4):979-1014.

Angrist, J. D. and Pischke, J.-S. (2008). Mostly Harmless Econometrics: An Empiricist’s
Companion. Princeton University Press.

Angrist, J. D. and Pischke, J.-S. (2014). Mastering Metrics: The Path from Cause to Effect.
Princeton University Press.

Armstrong, T. B. and Kolesdr, M. (2021). Sensitivity analysis using approximate moment
condition models. Quantitative Economics, 12(1):77-108.

Balke, A. and Pearl, J. (1997). Bounds on treatment effects from studies with imperfect
compliance. Journal of the American Statistical Association, 92(439):1171-1176.

Barua, R. and Lang, K. (2016). School entry, educational attainment, and quarter of
birth: A cautionary tale of a local average treatment effect. Journal of Human Capital,
10(3):347-376.

Beare, B. K. and Shi, X. (2019). An improved bootstrap test of density ratio ordering.
Econometrics and Statistics, 10:9-26.

Bound, J., Jaeger, D. A., and Baker, R. M. (1995). Problems with instrumental variables es-
timation when the correlation between the instruments and the endogenous explanatory
variable is weak. Journal of the American Statistical Association, 90(430):443-450.

Buckles, K. S. and Hungerman, D. M. (2013). Season of birth and later outcomes: Old
questions, new answers. Review of Economics and Statistics, 95(3):711-724.

Carr, T. and Kitagawa, T. (2021). Testing instrument validity with covariates.
arXiv:2112.08092.

Chernozhukov, V. and Hansen, C. (2005). An IV model of quantile treatment effects.
Econometrica, 73(1):245-261.

Conley, T. G., Hansen, C. B., and Rossi, P. E. (2012). Plausibly Exogenous. The Review of
Economics and Statistics, 94(1):260-272.

24



Dahl, C. M., Huber, M., and Mellace, G. (2017). It’s never too late: A new look at local
average treatment effects with or without defiers. Working Paper.

Farbmacher, H., Guber, R., and Klaassen, S. (2022). Instrument validity tests with causal
forests. Journal of Business & Economic Statistics, 40(2):605-614.

Folland, G. B. (1999). Real Analysis: Modern Techniques and Their Applications. John Wiley
& Sons.

Frolich, M. (2007). Nonparametric IV estimation of local average treatment effects with
covariates. Journal of Econometrics, 139(1):35-75. Endogeneity, instruments and iden-
tification.

Fusejima, K. (2020). Identification of multi-valued treatment effects with unobserved
heterogeneity. arXiv:2010.04385.

Goff, L. (2020). A vector monotonicity assumption for multiple instruments.
arXiv:2009.00553.

Goh, G. and Yu, J. (2022). Causal inference with some invalid instrumental variables: A
quasi-bayesian approach. Oxford Bulletin of Economics and Statistics, n/a(n/a).

Heckman, J. J. and Pinto, R. (2018). Unordered monotonicity. Econometrica, 86(1):1-35.

Heckman, J. J. and Vytlacil, E. (2005). Structural equations, treatment effects, and econo-
metric policy evaluation. Econometrica, 73(3):669-738.

Huber, M. and Mellace, G. (2015). Testing instrument validity for LATE identification based
on inequality moment constraints. Review of Economics and Statistics, 97(2):398-411.
Huber, M. and Wiithrich, K. (2018). Local average and quantile treatment effects under

endogeneity: A review. Journal of Econometric Methods, 8(1).

Imbens, G. (2014). Instrumental variables: An econometrician’s perspective. Technical
report, National Bureau of Economic Research.

Imbens, G. W. and Angrist, J. D. (1994). Identification and estimation of local average
treatment effects. Econometrica, 62(2):467-475.

Imbens, G. W. and Rubin, D. B. (1997). Estimating outcome distributions for compliers in
instrumental variables models. The Review of Economic Studies, 64(4):555-574.

Imbens, G. W. and Rubin, D. B. (2015). Causal Inference in Statistics, Social, and Biomedical
Sciences. Cambridge University Press.

Kédagni, D., Li, L., and Mourifié, I. (2020). Discordant relaxations of misspecified models.
arXiv:2012.11679.

Kédagni, D. and Mourifié, I. (2020). Generalized instrumental inequalities: Testing the
instrumental variable independence assumption. Biometrika, 107(3):661-675.

Kitagawa, T. (2015). A test for instrument validity. Econometrica, 83(5):2043-2063.

25



Lee, S., Song, K., and Whang, Y.-J. (2013). Testing functional inequalities. Journal of
Econometrics, 172(1):14-32.

Linton, O., Song, K., and Whang, Y.-J. (2010). An improved bootstrap test of stochastic
dominance. Journal of Econometrics, 154(2):186-202.

Masten, M. A. and Poirier, A. (2021). Salvaging falsified instrumental variable models.
Econometrica, 89(3):1449-1469.

Melly, B. and Wiithrich, K. (2017). Local quantile treatment effects. In Handbook of
Quantile Regression, pages 145-164. Chapman and Hall/CRC.

Mogstad, M., Torgovitsky, A., and Walters, C. R. (2021). The causal interpretation of two-
stage least squares with multiple instrumental variables. American Economic Review,
111(11):3663-98.

Mourifié, I. and Wan, Y. (2017). Testing local average treatment effect assumptions. Review
of Economics and Statistics, 99(2):305-313.

Sun, Z. (2021). Instrument validity for heterogeneous causal effects. arXiv:2009.01995.

Sun, Z. and Beare, B. K. (2021). Improved nonparametric bootstrap tests of Lorenz domi-
nance. Journal of Business & Economic Statistics, 39(1):189-199.

van der Vaart, A. W. and Wellner, J. A. (1996). Weak Convergence and Empirical Processes.
Springer.

26



Appendix to Pairwise Valid Instruments

Zhenting Sun Kaspar Wiithrich

The Appendix consists of three sections. Section A extends the results in the main
text to multivalued ordered and unordered treatments. Section B provides the proofs and
supplementary results for Section 2 and Appendix A.1. Section C provides the proofs and
supplementary results for Appendix A.2.

A Extension: Multivalued Ordered and Unordered Treat-
ments

In this section, we generalize the results in the main text to multivalued ordered and
unordered treatments.

A.1 Ordered Treatments

Suppose, in general, that the observable treatment variable D € D = {d;,...,d;}. Without
loss of generality, suppose d; < --- < d;. The following assumption is a straightforward

generalization of Assumption 2.1 to ordered treatments (e.g., Sun, 2021).
Assumption A.1 IV Validity Conditions for Ordered Treatments:

(1) Exclusion: Foralld € D, Y., = Yg,, = -+ = Yy, @.s.

(il) Random Assignment: Z is jointly independent of (Yy,2,,- -, Yayzps---s Ydyzns - -+ Yok )
and (D,,,...,D,,.).

y Mz

(iii) Monotonicity: Forall k=1,...,K —1, D > D, as.

Zk+1
We next introduce the definition of pairwise valid instruments for ordered treatments.

Definition A.1 The instrument Z is pairwise valid for the ordered treatment D € D =
{dl, o ,dJ} ifthere is aset %y = {(Zkl, Zki)’ ceey (Z].CM, Zk??u)} with Zhis By e Rk BR, € Z
such that the following conditions hold for every (z,2') € Zy:

1



(i) Exclusion: Foralld € D, Y;, = Y. a.s.
(il) Random Assignment: Z is jointly independent of (Y4,», Ya,2s- -, Ya,z, Ya, 2, Dy, Dyr).

(iii) Monotonicity: D, > D, a.s.

The set % is called a validity pair set of Z. The union of all validity pair sets is the largest
validity pair set, denoted by % ;.

With the exclusion condition, for every (z, ') € Z5;, define Y,(z, 2’) such that Y,(z, 2') =
Y,., =Y, as.forall d € D.

Lemma A.1 Suppose that the instrument Z is pairwise valid as defined in Definition A.1 with
a known validity pair set 2y = { (2, 21;)s - - 5 (2kar» 241, ) }- Then for every m € {1,..., M},
the following quantity can be identified:

J
Bk = Y _wj - E [(Ydj(zkm 2i,) = Yay o (2 21,)) | D2y >y > DZk]
=2

_E Y|Z =2 | —EY|Z = 2,
E[D|Z=2]-FE[D|Z=2,]

(A.1)

where

P(D., >d;>D., )

Zk;n

S (dy— diy) P (D% > d; > Dzkm>

Wi

Lemma A.1 is an extension of Theorem 1 of Imbens and Angrist (1994) and Theorem
1 of Angrist and Imbens (1995) to the case where Z is pairwise valid. We follow Angrist
and Imbens (1995) and refer to 5, . as the average causal response (ACR). Lemma A.1
shows that if a validity pair set 2}, is known, we can identify every £ .. In practice,
however, %), is usually unknown. We show how to identify the largest validity pair set
% and use it to estimate the ACRs.

The estimation of Z; is similar to that in Section 2. Suppose that there are subsets
% C % and 25 C Z that satisfy the testable implications in Kitagawa (2015), Mourifié
and Wan (2017), and Sun (2021), and those in Kédagni and Mourifié (2020), respectively.
We let 2, = 21 N 25 so that % satisfies all the above necessary conditions. We first
construct the estimators :@\ﬁ and :@\% for #4 and %5, respectively, and then construct the
estimator :@% for % as @5 = :@f?l N é’; See Appendix B.4 for details.



Assumption A.2 {(Y;, D;, Z;)}I, is an i.i.d. sample from a population such that all relevant
moments exist.

Assumption A.3 For every Zg, iy € 2y,

E[g(ZZ)DZ|ZZ c Z(ng/)] — E[DZ|ZZ c Z(ng/)] . E[Q(ZZ)|ZZ S Z(k,k’)] 75 0. (A.2)

As in Section 2, we first suppose that %;; can be estimated consistently by the estimator
Z0. We use the same notation as in Section 2. For Z;, .y € 2, we run the regression

Yi1{Z; € Zpp } ZV?k,kf)l {Z; € Zpw)} + 7(11@,;3/)171'1 {Z; € Zoiy} + €1 {Z; € Zpir)},
(A.3)

using ¢(Z;)1{Z; € Zu} as the instrument for D;1{Z, € Zy)}. Given the estimated
validity set :@%, we define the VSIV estimator for each Z ) as

(9(Z), Zepry) En (Yiy Zier)

En (g (Z:) Y, Z(k,k’)) g
w0 (9(Z3) s Z4ery) En (Diy Z1))

En (9 (Zz) Dy, Z(k,k’)) -

/B\(lk7k/) - ]_ {Z(k’k/) 6 ./Q-;()} . 5 (A4)

En
&
which is the IV estimator for V%k’k,) in (A.3) multiplied by 1{Z i € é%} As in Section 2,
we define

~ ~ ~ ~ ~ T
Bl = (ﬁ(1172)7 cee 75(1171()7 ce 75(1[(71)7 cet 75(1K,K—1)> )

(9(Z) Yi, Zaepy) — E(9(Zi), Zaopn) € (Y, Zory)

, (A.5)
(9(Z) Di, Zieiry) — E(9(Zi), Zrry) € (Di, o))

&
/6(1]6,]6/) - 1 {Z(k,k’) € gM} . 8

and
T
Bl = (ﬁ(11,2)7' . 75(11,1()7' . 75(1[(,1)7' . 75(1K,K—1)) :

Theorem A.1 Suppose that the instrument Z is pairwise valid for the treatment D as defined
in Definition A.1 with the largest validity pair set 2y = {(zk,, 21;), - - -+ (21, 27 )} and that
the estimator %, satisfies IP’(:@% = %) — 1. Under Assumptions A.2 and A.3, \/n(B, — ) KN
N (0,%), where X is defined in (B.5). In addition, B(lkk,) = [ i as defined in (A.1) for every

(Zk, Zk/) € .ffM

Next, we generalize the results in Section 3.2 and show that VSIV estimation always re-
duces the asymptotic estimation bias when the treatments are ordered. Given a presumed
validity pair set Zp, we apply VSIV estimation based on % = 2, N Zp.

3



Assumption A.4 For every Z, 1y € 2,

Theorem A.2 Suppose that Assumptions A.2 and A.4 hold and that IP’(:@;O = 2 — 1
with 2y D %y;. For every presumed validity pair set %p, the asymptotic estimation bias
plim,, ,__||31 — Bi||2 is always reduced by using :@%’ in the estimation (A.4) compared to the
bias from using %p.

As shown in Propositions B.1 and B.2, the pseudo-validity pair set %, can always be
estimated consistently by :@’\5 under mild conditions. Theorem A.2 shows that VSIV estima-
tion based on :@’\5 N Zp always reduces the bias.

Remark A.1 In Section 2, we provide the definition of partial IV validity for the binary treat-

ment case. See Appendix B.5 for the extension to multivalued ordered treatments.

A.2 Unordered Treatments
A.2.1 Setup

Here, we extend our results to unordered treatments using the framework of Heckman and
Pinto (2018). The treatment (choice) D is discrete with support D = {d,...,d,}, which
is unordered. Heckman and Pinto (2018, p. 15) (Assumption A-3) consider the following
monotonicity assumption.

Assumption A.5 Foralld € Dandall z,2' € Z, 1{D,, =d} > 1{D, =d} forallw € Q, or
1{D, =d} <1{D.=d} forallw € Q.7

Based on Assumption A.5, we introduce the definition of the pairwise IV validity for

the unordered treatment case.®

Definition A.2 The instrument Z is pairwise valid for the unordered treatment D if there is
aset 2o = {(2ry,217)5 - - -5 (sz,z%j)} WIth 25, 230 - oo s 2y zp, €2 and k,, < k|, for every
m such that the following conditions hold for every (z,2') € Zy:

15More precisely, the potential treatments should be written as functions of w, D, (w) and D./(w). For
simplicity of notation, we omit w whenever there is no confusion. The inequalities can be modified to hold
a.s.

16Fusejima (2020) combines a similar assumption with rank similarity (Chernozhukov and Hansen, 2005)
to identify effects with multivalued treatments.



(i) Exclusion: Foralld € D, Y;, = Y. a.s.
(il) Random Assignment: Z is jointly independent of (Y4,», Ya,2s- -, Ya,z, Ya, 2, Dy, Dyr).

(iii) Monotonicity: For all d € D, 1{D,, =d} > 1{D, =d} forallw € , or 1{D, = d} <
1{D, =d} forall w € Q.

The set %, is called a validity pair set of Z. The union of all validity pair sets is the largest
validity pair set, denoted by % ;.

Suppose the instrument Z is pairwise valid for the treatment D with the largest valid-
ity pair set 25 = {(zk,, k), - -, (2hy, 217 ) }. Define Yy(z, 2) for every d € D and every
(z,2') € Z3; such that Yy(z,2') = Y, = Y, a.s. Following Heckman and Pinto (2018),
we introduce the following notation. Define the response vector S as a K-dimensional
random vector of potential treatments with Z fixed at each value of its support:

S=(D,,...,D..)".

y Mk

The finite support of S is S ={¢,...,&n,}, where Ng is the number of possible values of
S. The response matrix R is an array of response-types defined over S, R = (&1, ..., &ng)-

For every Z; ;) € Z, there is a 2 x K binary matrix M, ;. such that

M(k,k’) (Zl, ey ZK)T = (Zk, Zk/)T

For example, if K =5 and (k, k') = (3,5), then

00100
M(3’5’:<0 000 1)'

We define a transformation K sy such that if A is a K x L matrix, g 1A is the ma-
trix that consists of all the unique columns of M)A in the same order as in My, ;) A.
In the above example, if A = ((z1,...,25)", (z1,...,25)", (y1,...,y5)"), then K35A =
((w3,25)7, (y3,y5)"). We write Ky R = (s1,.- ., 5L, ), where L py is the column num-
ber of KC(; 1) R. Let By iy denote a binary matrix of the same dimension as KC(; ) R, whose
elements are equal to 1 if the corresponding element in K ») R is equal to d, and equal to
0 otherwise. We denote the element in the mth row and /th column of the matrix By i)
by By ky (m, 1). Finally, we use By, = 1{Kq xR = d} to denote By, ).



Lemma A.2 Suppose that the instrument Z is pairwise valid for the treatment D with the
largest validity pair set 25 = {(2k,, 2x;), - - -, (2ky, 22 ) }. The following statements are equiv-
alent:

(i) For every (2, zw) € 2z, the binary matrix By, iy = H{K @ w)yR = d} is lonesum!” for
every d € D.

(ii) For every (2, zp) € 23 and all d,d’, d" € D, there are no 2 x 2 sub-matrices of K. iR
of the type
d d d d
or
d// d d d//

(iii) For every (zy, zi) € %5 and every d € D, the following inequalities hold:

with d' # d and d" # d.

1{D,, =d} >1{D,, =d} forallw € Q,
or1{D,, =d} <1{D,, =d} forallw € Q.

Lemma A.2 is an extension of Theorem T-3 of Heckman and Pinto (2018) for pairwise
valid instruments. It provides equivalent conditions for the monotonicity condition (iii) in
Definition A.2.

To describe our results, following Heckman and Pinto (2018), we define some ad-
ditional notation. Let B:[(k ) denote the Moore-Penrose pseudo-inverse of By ). Let
k : R — R be an arbitrary function of interest. Define for all d € D,

Py(d)=P(D=d|Z==z),...,P(D=dZ=2zx))",

Oz (d) = (E[s(Y) - 1{D=d}|Z =2],....E[x(Y)-1{D = d}|Z = =])" ,
Progy (d) = M Pz (d) = (P(D = d|Z = ) ,P(D =d|Z = )",
and

Qz(ka) (d) = Mk Qz (d)
=(ER(Y)-1{D=d}|Z = 2] Elx(Y) - 1{D =d}|Z = z])" .

17¢A binary matrix is lonesum if it is uniquely determined by its row and column sums.” (Heckman and
Pinto, 2018, p. 20)



Moreover, we define

PZ(k,k’) == (PZ(k,k’) (dl) PRI PZ(k,k’) (dJ))T and

T
%wm:(MWWMSZ&%~wMWWMSZ%wﬁ>’

and for every (zy, zi1) € 25, we define

Qs(k,k’) (d) =
<E [K, (Y;l(Zk, Zk/)) -1 {M(k’k/)s = 81}} ye ey FE |:/€ (Yd(zk, Zk/)) -1 {M(k’k/)s = SL(k’k,)}])T

for all d € D. Define ¥, 1 () to be the set of response-types in which d appears exactly ¢
times, that is, for every d € D and every ¢ € {0, 1,2}, define

m=1

2
Yagkry (1) = {s : s is some [th column of K ;R with Z Baewy (m, 1) = t} )

Let by (t) be a L, i-dimensional binary row-vector that indicates if every column of
K(k7k/)R belongs to Zd(ka) (t), that is, bd(ka) (t) (l) =1ifs € Zd(de) (t), and bd(k,k’) (t) (l) =
0 otherwise for every I € {1,..., Lx)}, where s; is the ith column of K ,)R. In this
section, we let

¥ = {(21, 22), ey (21, ZK)7 ey (ZK—172K>}-

Finally, define 1(«) = (1{(21,20) € &}, ..., 1{(2x_1,2K) € & })T for every & C Z.

A.2.2 VSIV Estimation under Consistent Estimation of Validity Pair Set

Here, we study the properties of VSIV Estimation when the validity pair set can be esti-
mated consistently, that is, there is an estimator %, such that IP’(.:@,\% = Z%) — 1. Suppose
that there are subsets 2, C 2 and % C % that satisfy the testable implications in Sun
(2021), and those in Kédagni and Mourifié (2020), respectively. Similarly to Section A.1,
we let 2y = 29 N %5 so that % satisfies all the above necessary conditions. We first
construct the estimators :@f?l and @’Z for % and %, respectively, and then construct the es-
timator :@% for %, as :@% = :@f?l N é’; See Appendix C.2 for details. Under mild conditions,
P(% = %) — 1. If % = %, then it follows that P(Z, = Z;;) — 1.

To state the results, define

Poz(d)=P(D=d,Z=2z),...,P(D=d,Z = zx))",



QYDZ(d):(E[/{(Y)l{D:d,Z:zl}],...,E[/{(Y)l{D:d,Z:zK}])T,

for every d € D, and
Zp=P(Z==2),...,P(Z =zk)),

W = (Zp, Poz ()7 ... Poz (d)", Qvoz ()T ... Quoz (d)7)

Suppose we have a random sample {(Y;, D;, Z;)}I,. Define the following sample analogs:

@(222)2%21{2,:2} for all z,
i=1

P(D=d,Z=z) 21{1) ,Z; = z} forall d and all z,

EkM1{D=d,Z =2} = Z )1{D; =d, Z; = z} forall d and all z,
2—1

—

~ —~ T
Pry (d) = (IP(D:d,Z:zl),...,IP’(D:d,Z:zK)) for all d,

—

Ovpz (d) = (E[F;(Y)l{D:d,Z:zl}],...,E[m(Y)l{D:d,Z:zK}]>T for all d,

and
W = (ZPapDZ (di) ,....Ppz(ds) ,Qypz(di) ,....,Qypz(dy) ) :

We impose the following weak regularity conditions.

Assumption A.6 {(Y;, D;, Z;)}!, is an i.i.d. sample from a population such that all relevant
moments exist.

The next theorem presents the identification and estimation results under pairwise IV
validity with unordered treatments.

Theorem A.3 Suppose that the instrument Z is pairwise valid for the treatment D as defined
in Definition A.2 with the largest validity pair set 25 = {(zk,, 2x;), - - - (2ky, 2 )} Under
Assumption A.6, the following response-type probabilities and counterfactuals are identified



forevery d € D, each t € {1,2}, and every (zy, zir) € Z3s:

P (M(k,kf)s - Ed(k,k’) (t)) = bd(k,k’) (t) Bc—;_(k,k’)PZ(k7k’) (d) and
bd(k,k’) (t) B;(k,k/)QZ(k,k’) (d)
Dae) (8) Bagg pry Pz o) (d)

Elk (Ya(zr, 2w)) (M S € Eqper (1)] = (A.7)

In addition, ifIP’(:@\% = %) — 1, we have that
_ e \T T
NG { (W 1Z)) — (W, n(gM)T)T} S (N (,zw)"07)
where Yy is given in (C.4).

Theorem A.3 is an extension of Theorem T-6 of Heckman and Pinto (2018) for pairwise
valid instruments. As shown in Remark 7.1 in Heckman and Pinto (2018) and Theorem
A3, if (2, zw) € 25 and Yy (t) = e (t') for some d,d’ € D and some t,t' €
{1, 2}, the mean treatment effect of d relative to d’ for X4 1y (¢) can be identified, which is
EYa(zk, 2e) — Yar (2 26 ) [ M ey S € Egrory ()]

For all d,d’ € D, all t,t' € {1,2}, and all k£ < ¥/, following Heckman and Pinto (2018),
we define

By (d, d' 8, 1) =1{(z, 21) € 251, Dy (1) = Zare e (') }
- EYq, — Ya, [MuinS € Bagw)(t)].

When (Zk, Zkf) € Zy and Ed(k,k’)(t) = Zd’(k,k’)<t/>; we have that
B wn(d, d' s t,1) = E[Ya(zk, 20) = Yar (21y 20) [M i S € Saepry (1)),

which is the mean treatment effect of d relative to d’ for Xg; 1) (t).

Lemma A.3 Let r(y) = y for all y € R. The mean treatment effect 3,y (d,d',t,1') can be
expressed as

By (d, d' 8, 1) =1{(2k, 21) € Zory B i) (t) = Zar oy () }

| bage) (@) B 1y @z(e4) (d) ~ bareg (1) B i @z (') A8)
bak ey (1) By o Presny (d)  barepry (') By on Proesny (d) [ 77




We now define

By (d, d)
= (B(k,k’) (d7 d/7 17 1)7 ﬁ(k,k’) (d7 d/7 17 2)7 B(k,k’) (d7 d/7 27 1)7 B(k,k’) (d7 d/7 27 2)) (Ag)

forall d,d € Dand all kK < k. For all k < K/, we let

Biesry = By (dy, da), - - ., Buewry(di,dy),s - oo Baewny(dy,dr), .. By (d, dy-1)).

Finally, we define

B=(Baz,-- By Bu-1.5))"- (A.10)

Note that if (2, zir) ¢ 237, then 5, ) = 0. For the sample analogs, we define

E(m/)(d, dt,t") =1{(zk, 21) € %, Sates) () = Sareen (')}
barx) (t) B;(k,k')QZ(M’) (d)  barn) (') B}(k,k')QZ('ﬂ,k’) (d)

bd(k,k’) (t) Bc—;_(k7k’)PZ(k7k/) (d) bd’(k,k’) (t/) Bc—l’;(k,k’)PZ(kvkl) (d/>
(A.11)

where szd) and @ Z(k/k/\)(d) can be obtained by transformations of W. We let
Buowny(dyd') = (B (dy d', 1, 1), B (d, d', 1,2), B (d, d', 2, 1), B (d, d',2,2)) (A.12)
forall d,d’ € D and all k < K. For all £ < £/, we define
By = Bewry(drydo), - .o, Buewy(dydic), - Buewny (dics ), - -, By (dic, die—1)). (A13)

Finally, define

~

5= (B2 - - - 73(1,1{)7 o Br-rm) " (A.14)

Asymptotic properties of the VSIV estimator in (A.14) can be obtained by Theorem A.3
with P(2 = 2) — 1.
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A.2.3 Bias Reduction for Mean Treatment Effects

Here, we extend the results in Section 3.2 and show that VSIV estimation always reduces

the asymptotic bias for estimating mean treatment effects with unordered treatments.

With 8 and B defined in (A.10) and (A.14), the following theorem shows that VSIV
estimation always reduces the asymptotic estimation bias.

Theorem A.4 Suppose that Assumption A.6 holds and that IP’(.,@;O = %) — lwith 2, O Z5;.
For every presumed validity pair set Zp, the asymptotic bias plim,,_, || B -8 |2 is always

reduced by using :@%’ = @5 N Zp in the estimation for (A.10) compared to that from using
Zp.

As shown in Propositions B.2 and C.1, the pseudo-validity pair set %, can always be
estimated consistently by :@% under mild conditions. Theorem A.4 shows that VSIV esti-

mation based on Z; N Zp reduces the bias relative to standard IV estimation based on
%p.

B Proofs and Supplementary Results for Section 2 and Ap-
pendix A.1
The results in Section 2 are for the special case where D is binary and follow from the

general results for ordered treatments in Appendix A.1. The proofs of these general results
are in Appendix B.1.

B.1 Proofs for Appendix A.1

Proof of Lemma A.1. The proof closely follows the strategy of that of Theorem 1 in
Angrist and Imbens (1995). Let dy < d; and Yy, (24, zx,) = O for every m. Let d;, be
some number such that d;,; > d;. We can write

11



Now we have that

FE [Y|Z = Zkin:| — E[Y‘Z = ka]

4 14D,, >d;t —13D., >d,
=F ;Yd]’ (E ( —1{{Dk:,:m > ZZJ}} n 1{{D:m > ;:1}} )]
= iE [(Ydj (kazk,’n) —Ya;_, (ka’zkin)) (1 {Dzkzn = dj} -1 {DZ’”” = dj})] '
=1

By Definition A.1, (1{D.,, >d;} —1{D., > d;}) € {0,1}. Then we have that

M-

E | (Yay (2t 210,) = Yo (o 2,)) (1{ D2y = di} = 1{D2, > 4;}))]
1

J

M-

Il
—

{EW@@W%m—nH@MmMH%Dw2@}—umm2@%ﬂ]

P (1D, 20} 10, 20} =1))

B |:(Ydj (kavzkin) — Y, , (zszkin)) |D2k;n > dj > Dka]

J

M-

1

J

P(D.y 2d;> D, ).

Similarly, we have

E[D|Z = zy,] — E[D|Z = 2,,]
—F id] (1{D2 Zdj}—l{Dzk >dn}>]

<.
Il
-

12



Thus, finally we have that

J
Brt ke = ZWj - FE [(Ydj (ka,Zk;n) — Yy, (zkm,zk;n)) |Dzk4n >d; > D,,
j=1

o E [Y|Z = Zk;n} — E[Y‘Z = ka]
E[D|Z=2zy] - FE[D|Z=2,]

where

P(D., >d;>D,, )

Zk’;n
S (dy— dy_1) P (D% >d, > D%n)

Note that by definition, P(D,, >d; > D,, )=0. m

Wy

Proof of Theorem A.1. For every Z, 1) € 2, we define

9(Z;)Yil {Zi € Z(k,k’)}
V{Z € Zu)
9(Z)1{Z: € Zuw }
g9 (Z;) D;1 {Zi € Z(k,k/)}
D;1 {Z,- € Z(k,k')}
1{Z: € Zo)

Wi (Zsr) -

n

— 1
W (Zaa) = — > Wi (Zww), and W (Zw) = B [Wi (Zew)]

i=1

Also, we let

_ _ - - _ T
W, = (Wn (3(1,2))T ooy Wh (3(1,K))T ooy Wh (Z(K,1))T e Wy (Z(K,K—l))T)

T

T T v
andW:(W(Z(l,g)) >--->W(Z(1,K)) >--->W(Z(K,1)) >---aW(Z(K,K—1))) .

By multivariate central limit theorem,



where ©p = E [VpV/] and

Wi(Z2u2) =W (202)
Vp = :
Wi (Zux-1) =W (Zux-v)

Define a function f : RS — R U {co} by

o 213'1/213'6 — LIZ‘Q.CL’g/SL’%

a Ty/x6 — T5T3/ 72

f ()

for every x € R® with 2 = (xl,xg,xg,x4,x5,x6)T such that f(z) is well defined. We can

obtain the gradient of f, denoted ', by f' (x) = (f{ (x) . f3 (2) , f4 () . fi (2) , f4 () . f} ()"
with

Tg , —I3 , —ToZT4Tg + T5T1Tg
flx)=—2 fla)=—2 fl(z) =
1 ( ) T4Te — 1’5113'3’ 2 ( ) T4Te — 1’5113'3’ 3 ( ) (1'41’6 _ 1'5113'3)2 )
T1Xe — T2T3) Te T3\ T1Tg — T2T3 —X1T5T3 + TaX3T4
() = = )56 1 () = 22 ) and f; (x) =

(r4x6 — x5:)33)2 (r476 — x5x3)2 ’ (r4x6 — x5x3)2

for every x = (x1, 22, x3, 4, 5, xG)T such that all the above derivatives are well defined.

For every Z; 1), by assumption we have that for every p > 0,
This implies that if 1{Z ) € Zj;} = 0, then

P Zgw) € Zo} = 0, (1). (B.3)
Without loss of generality, we suppose Z5; = {Z1.2), Za.3) - - -» Z(k-1,K)} and Z\ 2y =

{Z2@21), 2@3,1), - - Zx,x-1)} for simplicity. For every Z .y ¢ 2}, by Assumption A.3, it is
possible that

14



For every w = (w{, ..., wii_yyx)" With w; = (wj1, ..., wje)" for every j, define

Fl (w) =

(f (wi),..., f (w(K—l)K/2))T and
Fo (w) = (f (wK(K—l)/2+1) oo f (w(K—l)K))T
For every %, C %, define

{202 € 2}
1{Z4 € %,
I,(%) = {203 € %}

1{Zk-1x) € 2.}
and

1{Z01) € Z}

70 (%) {241 € Z}
1 {Z(K,K—l) € Q’Q}
Then we can write
~ B Il -3;0 fl Wn Il(.f&f]\z)fl(W)
\/ﬁ<ﬁl_ﬁ1> \/ﬁ{(lo E:@%gfo Eﬁ/\”g ) - (Io(gM)fo(W) )}

First, we have that

The Jacobian matrix F; (W) of F, at W can be obtained with the derivatives of f. Then
by (B.2) and delta method, it is easy to show that

Vi{ti (%) 7 (W) = 10 (Zi) 2LV} =T (Z5) Vi {1 (Wa) = R ()} + 0, (1)

Ty (Zi) FL (W) N (0,5p).

15



Second, by assumption and (1.1),
Vi {2 (F) £ (W) - 22 5o ()} = iy () 7 ().

For every Z; . ¢ £ such that (B.4) holds,

VI Zgoi) € Zo}f (Wi Zgow)) = n1{Zo) € %}%’
where
A, = % gg (Z:)Yil{Zi € Zuw } % 2:; 1{Z; € Zu}
_ %ig (Z)1{Z; € Z4op)} % iYil {Zi € Zpean }
i—1 i=1
and
B, = % Z:; 9(Z:) DA {Z; € Zgop} % Z:; 1{Z; € 2 }
Y0 1€ B} 1 D DI E 2}
Define a map & such that for every 2 € RS with z = (z1,...,26)",

h(z) = x426 — T35
Let h/(W (Z))) be the Jacobian matrix of i at W (Z(; ;). Then by delta method,
VB = /i (1 (W (Z) ) = B (W (Zean)) ) 5 B (W (Zean)) N (0 Been)
where
Sk = B [{Wh (Ziea) = W (Bean) } Wz (Zean) = W (Zgua) Y]
Also, it is easy to show that
A, BE[g(Z)Yi1{Z € Zupn}] E[1{Z; € Zp}]

—Eg(2)1{Z: € Zum}| E[Yi1{Z € Zper}]
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Notice that by (B.3), nZo(25) = o, (1). Thus, v/nl{Zuu € Zo}f(Wa(Zps)) 2 0. Simi-
larly, for every Z. .y ¢ 2 such that (B.4) does not hold, it is easy to show that

AT A,
VII{Zgun € L0 (Wu(Zuowy)) = Vnl{Zpw € %}B_ 2
This implies that

Vil (%) 7o (W) = Zo (Z) Fo (W)} B0,

By Lemma 1.10.2(iii) and Example 1.4.7 (Slutsky’s lemma) of van der Vaart and Wellner
(1996),

_ - T (%) F (W, T (%) Fr (W)
\/ﬁ<51_51)ﬁ{(IOEé\%;foEWn;)_<IO(g ( ))}
4 ( T, (Z5) F ((‘)/V)N(OaEP) ) ‘ (B.5)

Now we have that for every Z, vy € 27,

Elg(Z)Y1{Z € Zyp)}]

_E Yi1{Z € Zo}]| E9(Z:)1{Z; € Z4p)}]
P(Z; € Zpw)) P(Z; € Zpw)) P (Zi € Zpon)
P(Z;=z) B
[ PR € Bz =]
=1 N9 (Zl) 1 {Zl S Z(k,k')} - E[Q(EZ"Z)ZE?TC?SMH }

+ P (ZZ = Zk/|Z,' S Z(k,k’)) E [Y;|ZZ = Zk/] {g (Zkl) —F [g (ZZ) |Z, S Z(k,k’)} } .
By (A.1), we have
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and thus it follows that

P(Z;i = z|Zi € Zuopy) EYilZi = 2] {9 (2) — E [9(Zi) | Z; € Ziep] }

+P(Z = 2w|Zi € Zgopy) EYilZi = 20 {9 (2w) — E [9(Z:) | Z; € Ziopr] }
=P (Zi = 2w|Zi € Zpopy) B (B [Di|Z; = 2] — E [ Dy Z; = 1))

A9 () = El9(2)|Zi € Z4ep] }

where we use the equality that

Similarly, we have

FE [g (ZZ) Dll {ZZ € Z(k,k’)}} E [Dll {ZZ c Z(]ﬁk/)}} FE [g (ZZ) 1 {ZZ € Z(k,k’)}}

P (ZZ - Z(k,k’)) P (ZZ - Z(k,k’)) P (ZZ - Z(k,k’))
=P (Z = zw|Zi € Zpopy) {p(aw) — ()} {9 (zw) — E [9(Zi)1Zi € 2] }

where p(z) = E [D;|Z; = 2] for all z and we use the equality in (B.6) again. m

Proof of Theorem A.2. Recall that for every random variable &; and every A € &,

1 n
~Y i &il{Zi € A}

n 1 d
IS {ZieA

Then we obtain the VSIV estimator using %25 for each ACR as

E[1{Z; € A}]

En (&, A) = E[1{Z; € A}] "

€& A) =

En (9(Z:) Y, Zepry) — En (9 (Zi) , Zeiry) En (Y 2y

Bl = Y Zgw) € Zp} - ,
Bl = 120 € Zr} - - (9 (Zi) Di, Z.1)) — En (9(Z0) . Z0oiy) En (Dis 200

which converges in probability to

E(g(Z) Y, Zawr) — E(9(Zi) s Zierry) € Vi, Zopr))
E(9(Z) Dy, Zrry) — E(9(Zi), Zwnry) € (Di, Zry)

ﬁék,k’) — 1{Z(k7k/) - gp} .

We obtain the VSIV estimator using é%’ for each ACR as

En (9(Z:) Y5, Zaeiy) — En (9(Zi) , Ze)) En (Y Zhir))
En (9(Z:) Dy, Ziopery) — En (9(Z) , Zaepr)) En (Dis Zea))

ﬁ(k wy = H{Zww) € 20}
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which converges in probability to

& (9 (Zs) Yi,Z(k,k')) - & (9 (Zs) >Z(k,k')) & (Yi,Z(k,k'))

nN=1ZLn E Qp ’
Bl rry = HZww) b E(9(Zi) Di, Z4.1)) = E(9(Zi), Ze0y) € (Dis Za1))

where 2 = 2, N Zp.

If Zwwy ¢ 25 and 24y € Zp, then ﬁ(lhk,) = 0. In this case, it is possible that
Zw) ¢ 29 and [ ) = 0, because by definition 27 C Zp. Note that if Z 4 € 27, then
Blewry = Biary bY definition.

If Zuwy ¢ 2y and Zpp) ¢ 2p, then B, = B, = 0. Similarly, in this case,
Blexny = Bl = 0, because 27 C Zp.

If Z oy € 25 and 2, 1) € Zp, then B(lm, = Bl pry = Bliary» Decause 2o O .
If Zg )y € 2y and 2, ) & Zp, then Bék,k’ B(k py =0 because 27 C Zp. ®

Proposition 3.1 can straightforwardly be extended to multivalued ordered D. We omit
this extension here.

Proof of Proposition 3.1. If Hj is true, it can be shown that under the assumptions,
P({TS1, =0} U{TSs, > c.(a)}) > P (TS, > c (o)) = «
and

P ({TSln = 0} U {TSQn > CT(Oé)}) <P (TSQn > cr(a)) +P (TSln = 0)
<P (TS > c(a)) + P(Z # Zy) — a

which imply that P ({7'S},, = 0} U{T'S2, > ¢ (a)}) — a.

Suppose H, is false. If 2, . y ¢ Z}; for some m, then
P ({T'Sy, = 0} U{T Sy, > c,(a)}) > P (TS, =0) >P(Z = %) — 1.
If Zi., wy € Zyforallm e {1,..., 5} but R(Bi5) # 0, then

P ({TSy, = 0} U {T'Ss, > c,()}) > P (T'Ss, > () — 1.
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B.2 Selectively Pairwise Valid Multiple Instruments

Here we introduce a weaker notion of pairwise validity that is available when Z con-
tains multiple instruments. Specifically, suppose the instrument 7 is a vector with Z =
(Zy,...,7Z1)T, where Z; is a scalar instrument for every | € {1,..., L}. There are C, = 2F
combinations of scalar instruments {7, ..., Z,}. We refer to each combination as a subin-
strument of Z, denoted by V. for every c € {1,...,C} with V. € {v.,...,v.k, } for some
K. > 1. Every V, can be a scalar or vector instrument, and we define the set of all pairs of
values of V_ by

'% = {(Ucla Uc2)7 ey (Uclu UCK.:)? ceey (UCK¢7 Ucl); ceey (UCKC7 UCKC—I)}-
The following definition weakens Definition 2.1.

Definition B.1 The instrument Z is selectively pairwise valid for the treatment D € {0,1}
if there is a subinstrument V, that is pairwise valid according to Definition 2.1.

To illustrate that Definition B.1 is weaker than Definition 2.1, consider the following

example.

Example B.1 Suppose that Z = (Z,, Zy, Zs)*, where Z, is correlated with all potential vari-
ables and (Z,, Z3)T satisfies the conditions in Assumption 2.1. Then Z may not be pairwise

valid by Definition 2.1, but it is selectively pairwise valid.

For every subinstrument V., we can define the largest validity pair set 2 C 2.
Then the identification and estimation of Z,y; and the VSIV estimation of the treatment
effects can proceed as described in Section 3.1. Asymptotic normality and bias reduction
can be established accordingly. The notion of selectively pairwise valid instruments can be

straightforwardly generalized to multivalued ordered or unordered treatments.

B.3 Testable Implications of Kédagni and Mourifié (2020)

We consider the case where D € D = {d;,...,d;}. Suppose Y € R is continuous. Results
for discrete Y can be obtained similarly. The testable implications in Kédagni and Mou-
rifié (2020) are for exclusion Y, = Yz, for all d € D) and statistical independence
((Ydlzkm,Ydlzk;n, o Yo Ydﬂ%) 1 Z) for Zvery m € {1,..., M} with the largest validity
pair set 2y = {(zk,,2k); -, (Zky, 2w )}. In the following, we show that these testable
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implications are also for Conditions (i) and (ii) in Definition A.1. Under Conditions (i) and
(ii) in Definition A.1, we can define Y(z, 2’) by Yy(z,2') = Yy, = Y, a.s. for every d € D
and every (z, 2') € Z;. Define

fvp (y,d]z) = fY\D,Z (yld, 2) P (D = d|Z = z)

for every y € R, every d € D, and every z € Z, where fy|p z (y|d,2) is the conditional
density function of Y given D = d and Z = z. For every Zy, iy = (2, 2w) € Ziy, €very
A € Bg, every d € D, and each z € Z ),

P(Y€EAD=dZ=2 <P(Yy.€AZ=z) =P Yz, 2v) € A,

and
P(YeAD=d,Z==2)

P(Z =2z2)
=P(Ye€eAD=d,Z=2)P(D=d|Z==2).

P(Y€AD=dZ=2)=

Then, by the discussion in Section 4.1 of Kédagni and Mourifié (2020), for (almost) all y,

fY,D (y,d‘Z) = fY\D,Z (y‘d7 Z)P(D = d|Z = Z) S de(zk,zk/) (y)7

where fy,., ., is the density function of the potential outcome Y(24, z/). Thus, for every
deD,
max fy.p (¥, d|2) < fryz) (V) (B.7)
ZEZ(k’k/)

and we obtain the first inequality of Kédagni and Mourifié (2020):

d|z)dy < 1. B.8
rc?ea’DX Rzelfgii/)fyp (y,d]z)dy < (B.8)
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Also, for all Ay,..., Ay € Bg,

P(Ya (2, 200) € Avy oo, Yo, (28, 210) € Ay)
= min P(Yy (2, 210) € A1, ..., Ya, 2k, 200) € Ay|Z = 2)

ZEZ(k k')
J
= min P(Ydl(zk, Zk/) € Al, .. .,Yd(](zk,zk/) - AJ,D = d]|Z = Z)
ZEZ(k,k/) =
J
< min P(YeA,D=d;,|Z==z).
i SR 4D =iz

Let P} be an arbitrary partition of R for j € {1,...,J}, thatis, B} = {C{,...,C} } with
vazlej R and C} N CY = @ for all I # 1. Then

1= Z Z Yd1 Zk,Zk/ EAl,...,YdJ(Zk,ZkI)EAJ)
A1€eR} Ayepry
J
< > min IP(YEAJ,D d;|Z = z).

ZEZ ko k!
A1€PH§ AJEP‘] ( )

Then we obtain the second inequality of Kédagni and Mourifié (2020):

>y nin ZIP’ (Y €A, D=d;|Z=2)>1, (B.9)
ZCZ (kK" =1

{Pl """ PJ}A ep} Ajepry
where the infimum is taken over all partitions { P}, ..., BJ}. Next, for all A;,..., A; € B,

P (Yd,(zk, Zkf) S A)

Z . Z Z . Z (Ya, (zk, 2nr) € A1, oo Ya, (20, 21) € Ag)

AlGP AJ,1€P A]+1€PJ+1 AJGPJ
J

<> ) o> Ergln P(YGAS,D de|Z = 2),
EEL(k,k!)

Alep]é AJ 1€P A]+1€PJ+1 AIEP]

which, together with (B.7), implies the third inequality of Kédagni and Mourifié (2020):

su max su max dj|2)dy — pj (A4, 2 n,PL. . BJ) Y <O,
{Pl pPJ}JE{l ~~~~~ J} A, EIZ;]R{ A-Zez(kk’)fYD(y |) Y 90]( A R)}

.....

(B.10)
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where

_ Z Z Z Z 2%2/ fyv.p (y. de|z) dy
g=174¢

A€y AjqePlTM AjpeplTt AjeRy

forall W c Z.

The following lemma shows that when the treatment D is binary, the conditions in
(B.8)-(B.10) are weaker than those in (4.1).

Lemma B.1 If the treatment D € {0, 1}, then for every (zx, zx/) € Z, the restrictions (B.8)-
(B.10) are implied by those in (4.1).

Proof of Lemma B.1. Proposition 1.1 of Kitagawa (2015) and Theorem 1 of Mourifié
and Wan (2017) show that when both D and Z are binary, the restrictions in (4.1) are
sharp for the validity assumption of Z (Assumption 2.1 with Z € {0,1}). Suppose that
Z ={z,..., 2k} and there is some distribution of (Y, D, Z) that satisfies the restrictions
in (4.1) for some (2, z1) € %, but does not satisfy the restrictions in (B.8)-(B.10) for
(21, zx). Then we can construct a distribution of (Y’, D', Z’) with D’ € {0,1} and Z' €
{0, 1} such that for every Borel set A and each d € {0,1},

]P)(Z = Zk) + ]P)(Z = Zk/)
P(Z = Zk/)

PY €A D =d, 7' =0)=P(Y € A,D =d|Z = z) - and

PY' €A D =d, 7' =1)=P(Y € A,D =d|Z = z) -

Then it can be shown that

]P( = Z ) P(Z = Zk/)
P(Y' € A, D' = d\Z’: )=P(Y € A,D=d|Z = z,), and
PY' e AD =d|Z'=1)=P(Y € A,D =d|Z = z).

P(Z =0) = P(Z'=1) =

Since by assumption, the distribution of (Y, D, Z) satisfies the restrictions in (4.1) for
(zk, zx ), but does not satisfy the restrictions in (B.8)—(B.10), then P(Y' € A, D' = d|Z' = 0)
and P(Y' € A, D' = d|Z' = 1) satisfy the restrictions in (4.1) with (z,,, 2, ) replaced by
(0,1), but do not satisfy the restrictions in (B.8)—(B.10) with (z, zx) replaced by (0, 1).
This contradicts the sharpness of the restrictions in (4.1). =
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B.4 Definition and Estimation of %

We estimate %) = 25 N %, as :@;0 = :@;1 N 3",’?2, where :@;1 and :@,\fg are estimators of % and
%, respectively.

B.4.1 Definition and Estimation of 2%

The testable implications proposed by Sun (2021) are for full IV validity. Here we extend
them to pairwise valid instruments (Definition A.1). We follow the notation of Sun (2021)
to introduce the definition of %, and the corresponding estimator. Define conditional
probabilities

P, (B,C)=P(Y e B,De(C|Z=x)

for all Borel sets B,C € Bg and all z € Z. The testable implications proposed by Sun
(2021) for the conditions in Definition A.1 are that for every m € {1,..., M},

P.

Zk'rn

(B,{d;}) < PZ% (B,{ds}) and P,, (B,{d:}) > PZ% (B, {d1}) (B.11)
for all B € Bg, and

P

Zkm,

(R,C)>P., (R,C) (B.12)

m

for all C' = (—oo, ] with ¢ € R. Without loss of generality, we assume that d; = 0 and
d; = 1. By definition, for all B, C' € Bg,

P(YeB,DeC, Z=xz)

PYeBDeC|lZ=z)= F(Z=2)

Next, we reformulate the testable restrictions to define 2] and its estimator. Define the

following function spaces

Gp = { (Irxrx (=} LRxRx(zp}) S Ko K € {1,... K}k #K'},
Hi= {(‘Ud - 1px{ayxr : B is a closed interval in R, d € {0, 1}} ,
Hi= {(—1)d - 1pxiayxr : B is a closed, open, or half-closed interval in R, d € {0, 1}} :

H2 = {1R><C><R : C = (_0070]70 S R}u
,H2 = {1[R><C><R O = (—OO,C] orC = (—OO,C),C € R}v
H:H1UH2, and?:L:?:hU?:L2. (B13)
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Let P and P be defined as in Section 4. Let ¢, o2, ¢, and &2 be defined in a way sim-
ilar to that in Section 4 but for all (h,g) € H x Gp in (B.13). Also, we let A(P) =
[T, P (Irxrxiz}) and T, = n - e, ﬁ(leRX{%}). By similar proof of Lemma 3.1 in
Sun (2021), ¢? and 5? are uniformly bounded in (h, g) € H x Gp.

The following lemma reformulates the testable restrictions in terms of ¢.

Lemma B.2 Suppose that the instrument Z is pairwise valid for the treatment D with the
largest validity pair set Zy; = {(zk,, 2 - - - (Zy, 2w )} Foreverym € {1,..., M}, we have
that supj,ey, ¢ (h, g) = 0 with g = (Irxrx{zr,, 1 IRxRx{z, })-

Proof of Lemma B.2. Note that for every ¢ € Gp, we can always find some ¢ € R
such that ¢ (h,g) = 0 with 2 = 1fg)foyxr. SO supyey ¢ (h,g) > 0 for every g € Gp.
Under assumption, for every g = (Irxrx{z,,} 1RX]RX{Z%}), by Lemma 2.1 of Sun (2021),
¢ (h,g) <0forall h € H. Thus, sup,cy ¢ (h,9) =0. =

Lemma B.2 provides a necessary condition for Z;. By Lemma B.2, we define

~

sup ¢ (h,g)
he?—lgo\/a\(hag) -

(B.14)
with 7,, — oo and 7,,/y/n — 0 as n — oo, where ¢, is a small positive number. We define

heH

glz{gegp:supgb(h,g)zo} and@:{gegp:\/ﬁ

%1 as the collection of all (z, 2’) that are associated with some g € G;:

L ={(zr2w) € Z 1 g = (Irxrx{zn}s LRxRx{z}) € G1} - (B.15)

We use QAl to construct the estimator of %, denoted by .:@?1, which is defined as the set of
all (z, 2’) that are associated with some g € QAl in the same way % is defined based on G;:

Z = { (o 2) € 21 g = (Inamagan)s Lnxrni) € G ) (B.16)

To establish consistency of %7, we state and prove an auxiliary lemma.

Lemma B.3 Under Assumption A.2, & — ¢, T,,/n — A(P), and ¢ — o almost uniformly.'®
In addition, \/T,(¢ — ¢) ~» G for some random element G, and for all (h,g) € H x Gp with
g = (g1, 92), the variance Var (G (h, g)) = o*(h, g).

Proof of Lemma B.3. Note that the Gp defined in (B.13) is only slightly different from

18See the definition of almost uniform convergence in van der Vaart and Wellner (1996, p. 52).
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the G defined in (7) of Sun (2021). The lemma can be proved following a strategy similar
to that of the proofs of Lemmas C.11 and 3.1 of Sun (2021). =

The following proposition establishes consistency of :@?1
Proposition B.1 Under Assumption A.2, P(G, = G,) — 1, and thus P(:@% =2)—1

Proof of Proposition B.1. First, suppose G; # @. Under the constructions, we have that
for all € > 0,

1lmp(gl\gl¢@

. o(hg) \ _ ¢ (h,9) )
<JLIEOP<§%a1fZEE< Vo ) 222<50v6<h,g> >T">
~|9(hg) - ¢< 9)

< lim P (max sup /1,

n—00 9€G hen

By Lemma B.3, /T, (5 —¢) ~» G and ¢ — o almost uniformly, which implies that 5 ~» ¢ by
Lemmas 1.9.3(ii) and 1.10.2(iii) of van der Vaart and Wellner (1996). Thus by Example
1.4.7 (Slutsky’s lemma) and Theorem 1.3.6 (continuous mapping) of van der Vaart and
Wellner (1996),

—¢(h,9)
50\/U(h 9)

~» Mmax sup
9€91 heH

901 he

G (h,g) '
§oVol(h,g)

Since 7,, — oo, we have that lim,,_,,, P(G; \ QAl # &) = 0.

If G = Gp, then clearly lim,,_,, IP(QAl \ G1 # @) = 0. Suppose G; # Gp. Since Gp is a
finite set and ¢ is uniformly bounded in (A, g) by construction, then there is a 6 > 0 such
that mingeg,\g, [supey @ (R, g) /(& V @ (R, g))| > 6. Thus, we have that

im # (616 7 2)

SUp ———— ¢ (h.9) '>6 max /T,

sup 2 9) ¢ (h,g)
nen oV o (h,g) 9€GI\G1

heH fOVU(h 9)

n—00 9691\91

< lim IP’( max

<7‘n>.

By Lemma B.3, 5 — ¢ almost uniformly. Thus, for every ¢ > 0, there is a measurable set A
with P(A) > 1 — ¢ such that for sufficiently large n,

o |[sup 2 29)_ _d
nen §o Vo (h,g) )

geip

~sup ¢ (h,g) ‘
ner &0 Vo (h,g)
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uniformly on A. We now have that

Jim P (616 7 2)

< lim P {max,cging, [supen &slha| > g +P(A°)

= oo {maxgea\gl T, [Suppey J%(i)g) < Tn} NA

< lim P \/7 < maX\/i <Tn>—|—€:5,
n—00 ( 9€G1\G1 he?—t 50 \/ o ( h &Va(hg) |~ Vn

because 7,,/v/n — 0 as n — oo. Here, ¢ can be arbitrarily small. Thus we have that
P(G, = G1) — 1, because P(G,\G, # @) — 0 and P(G, \ G, # @) — 0.

Second, suppose G; = @. This implies that mingeg,, [sup,ey ¢ (R, g) /(&0 VT (R, g))| > ¢
for some 0 > 0. Since by Lemma B.3, gg — ¢ almost uniformly, then there is a measurable
set A with P(A) > 1 — ¢ such that for sufficiently large n,

ey S| oy S| S
9€Gp |hen S0V T (h,g) | |hen oV o (h,g)|| — 2
uniformly on A. Thus we now have that
é(h,g)
N max ‘sup wvatngy | > 5}
lim P (gl ” @) < lim P { 9€G1 [ TEREH &V (;"5) 4 P(AY)
n—o0 n—00 {maxgeg \/_ SUDpey 4&@\/0(h 9) < Tn} nA
< lim P 1/ < ,/ <)+
im max — € =¢,
om0 9€G1 her 50 \/ o ( h &Va(hg)|~ Vn

because 7,,/\/n — 0 as n — oo. Here, ¢ can be arbitrarily small. Thus, P(G, = G,) =

~PG £02) > 1. =

As mentioned after Proposition 4.1, Proposition B.1 is related to the contact set es-
timation in Sun (2021). Since G; C Gp and Gp is a finite set, we can use techniques
similar to those in Sun (2021) to obtain the stronger result in Proposition B.1, that is,

P(G, = Gi) — 1.

B.4.2 Definition and Estimation of %,

The definition of %, relies on the testable implications in Kédagni and Mourifié (2020).
Under Conditions (i) and (ii) in Definition A.1, we can define Y;(z, 2’) for every d € D and
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every (z,2') € 25 such that Yy(z,2') = Y,;, = Y. a.s. We consider the case where Y is
continuous. Similar results can be obtained easily when Y is discrete. To avoid theoretical
and computational complications, we introduce the following testable implications that
are slightly weaker than (and implied by) the original testable restrictions in Kédagni and
Mourifié (2020) (see Appendix B.3).

Let R denote the collection of all subsets C' C R such that C' = (a, b] with a,b € R and
a < b. For every Z, 1y = (21, 2w) € Z51, every A € Bg, every d € D, and each z € Z, 1,

PYeAD=dZ=2 <P(Y;,€AlZ=2) =P Yilz,21v) € A),
which implies that

Inax P(YeAD=d|Z==z) <P(Yy(zp,21v) € A). (B.17)
B (k")
Let & be a prespecified finite collection of partitions Py of R such that Px = {C},...,Cy}
for some N with Cj, € R for all k, UY_C, = R, and C, N C; = & for all k # [. Then we
obtain the first condition:

max max max P(Y € A,D =d|Z = z) < max max P(Ya(2zk,21) € A) = 1.
Pre? deD 2€ 2 u) Pre? deD
AePr AePr
(B.18)

Also, for all A;,..., Ay € Bg,

P(nl(zlwzk’) € A17 s '7n1<zk7zk') € AJ)
= min P Yy (zr, 2) € A, ..., Yy, (2k, 210) € Ay|Z = 2)

ZEZ(kyk/)
J
= min P (Ydl(zk, Zk/) c Al, e YdJ(Zk, Zkf) S AJ, D = d]|Z = Z)
ZEZ(kyk/) =
J
< min P(YGAJ,D:d]‘Z:Z)
ZEZ(kyk/) =
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Let Pi,..., P{ € 2. It follows that

1= Z Z Ydl Zk,Zk/) - Al, . ..,YdJ(Zk,Zkf) - AJ)

A1EP A‘]EP]

J
< > min P(Y € A;,D=d;|Z =2).
Zez(k k) <
A1€P1 AJEP‘] Jj=1
Then we obtain the second condition:
J
min ) - min IP(YGAJ,D d;|Z =2) > 1. (B.19)

Z2EZ k&)
A1€PH§ AJEP‘] (

Next, for every j and every A; € Bg,

IP’(Yd(zk,zk/) S A)
= Z : Z Z . Z Ydl Zk,Zk/)eAl,---,}/dJ(Zk,Zk/)EAJ)

A1€Py AjqePlTM AjpepITt Ajepy]

Z Z Z ) zerg(l,i/ 4 IP’(YEAg,D de|Z = z),

A1€PD% Aj71EPH§71 Aj+lePD%+1 AJGP‘I

IN

which, together with (B.17), implies the third condition:

max max sup ¢ max P(Y € A;D =d;|Z = z)
Pl Plezje{l,.., J}A er | #€20.1

0 (Aj, Zwy, Pas - P) } <0, (B.20)

where
0 (AW, Py, ..., FY)
Z . Z Z : Z %mZP (Y eAe,D=d¢|Z = 2)
A1€R} AjeP) M AjaerlTt AseRy
forall W C Z.

Next, we reformulate the testable implications in (B.18)-(B.20) to define 25 and é\%

29



Define the function spaces

Gz = {Irxrxiz} : 1 <k < K}, Hp = {lgx{ayxr,d € D}, Hp = {lpxrxr : B € R},
and Hp = {1pxrxr : B is a closed, open, or half-closed interval in R} . (B.21)

Let P and P be defined as in Section 4. Define a map 1 : Hg x Hp x Gz — R such that

P(h-f-g)

U(h, f,9) = Po)

for every (h, f,g) € Hp x Hp x Gz. Moreover, define a map H such that if P € & with
Pr={Cy,...,Cy}and C, € Rforall k € {1,..., N}, then

H(PR) = {1C><R><R N ONS PR} (B.22)

Let P (Gz) be the collection of all nonempty subsets of G,. Then for every Gs € P (G),
define

11 (Gs) = max max Z max ¢ (h, f,g) —

Prez feHD geg

@) =1=mn 2 2 Hgg;Zw by £3:9),

hieH(P}) h;eH(PJ)

and

h 5 (h; PP
o 6= s, owp {0 f9) = 5 1 Pl )

where f; = 1gy (4,1 xr and
@i (hy,Gs, Py, ..., BY)

= > D DRSS ;giggzw(h&f&g)-
=1

heH(PY)  hja€H(PIY) hypeH(PITY)  hyeH(BY)

For every Zxy € 21, let G(Z4 1)) = {Irxrx{z}> IRxRx{z,}}- The conditions in (B.18)-
(B.20) imply that ¢;(G(Zu ) < 0 foralll € {1,2,3}. Thus, we define Z; by

% ={Zuw) € Z :0(G(Zh) <01 €{1,2,3}}.
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Let QZ: Hp x Hp x G — R be the sample analog of ¢ such that

b(h, f,9) = %

for every (h, f,g) € Hpx Hp x Gz. Let 1@ be the sample analog of ¢, for [ € {1, 2,3}, which
replaces v in 1); by . We define the estimator %, for % by

:@;2 = {Z(k,k’) e \ Tn'&)\l(g(z(k,k’))) < tnal € {17273}}7

where T,, = n - Hszl ﬁ(leRX{Zk}), t, — o0, and t,,/y/n — 0 as n — oc.

To establish consistency of %,, we state and prove some auxiliary lemmas.
Lemma B.4 The function space Hp is a VC class with VC index V (Hg) = 3.

Proof of Lemma B.4. The proof closely follows the strategy of the proof of Lemma C.2 of
Sun (2021). =

We define

V={h-f-g:h€Hp fEHp,gEGs}andV =V UG, (B.23)

Lemma B.5 The function space V defined in (B.23) is Donsker and pre-Gaussian uniformly
in Q € P, and V is Glivenko—Cantelli uniformly in Q € P.

Proof of Lemma B.5. The proof closely follows the strategies of the proofs of Lemmas
C.5 and C.6 of Sun (2021). =

The following proposition establishes consistency of %,
Proposition B.2 Under Assumption A.2, IP’(:@?Q =2) - L

Proof of Proposition B.2. Let C, be the set of all G(Z; x)) with Z, 1y € 25 and C; be the
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set of all G(Z, ) with Zg, 1y € .?fg First, we have that

P(C:\G+2) <P ( max_ /T, {t (Gs) — 1 (o)} > tn>

Gs€Ca\Ca

P ( max_ /T, {@Eg (Gs) — o (gs)} > tn)

Gs€Ca\Ca
P ( max_ /T, {@Eg (Gs) — 3 (gs)} > tn) .
Gs€Ca\Ca

By Theorem 1.3.6 (continuous mapping) of van der Vaart and Wellner (1996),

» | max max Z rrézéx@(h, f,g) — max max Z rrézéxz/)(h, f.9)
S

max v/ 71,
Gs€eCo Pres fEHD 9€fs Pre? feHD g
Pr) heH(Pr)

b0 f.9) = v (h, £.9)| ~ G

T Gg€Co PreZ feHD

for some random element G,. Then it follows that

P (gmg% VI {01 (Gs) v (Gs)} > ) <P <5nag< V|1 (Gs) = 1 (Gs)| > tn)

— 0.

Similarly, we have that

<mw ¢_{%gs %@M}>%)%O

Gs€C2\C2
and

P ( max /T, {@Eg (Gs) — 3 (gs)} > tn) — 0.
Gs€Ca\Ca

Thus, P(C, \ Cs # @) — 0.

Next, let C be the set of all G(Z ) with Z;, .y € Z. Clearly, C is a finite set. If
C\ C, # @, there is some § > 0 such that ming ce\c, maxjeq1,2,31 ¢1 (Gs) > . Then we have
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that

P (52 \ Cy # @> <P ( max 1 (Gg) > 9, max \/T7n$1 (Gs) < tn)

Gs€Ca\Ca Gs€C2\Ca

+P < max 1, (Gs) > 9, max \/ﬁ% (Gs) < tn)

Gs€C2\Ca Gs€Ca\Ca

+P ( max 3 (Gg) > 4§, max \/fﬂzs (Gs) < tn) .

Gs€C2\Ca Gs€Ca\Ca

By Lemma B.5 and Lemma 1.9.3 of van der Vaart and Wellner (1996), ||t — [l — 0
almost uniformly. Then we have that

max |1 (Gs) — U (gs))

gseC

= max | max max E max@(h, f,9) — max max E max ¢ (h, f,g)
9€Gs 9€Gs
heH(Pr) heH(Pg)

Gs€C |PreZ fEHD ReZ feHp
< max max max max ‘ b (h — ¥ (h ‘ —0
SRS N 2 W Y (h, frg) = (h, f,9)

almost uniformly. Similarly, it follows that

max
GseC

02 (Gs) = w2 (Gs)| — 0 and max |1y (Gs) — v (Gs)| = 0

almost uniformly. So for every ¢ > 0, there is a measurable set A C Q with P(A) > 1 —«¢
such that for all large n,

max Imax
1e{1,2,3} GseC

N O

b (Gs) — (gs)‘ <

uniformly on A. Thus, it follows that for every | € {1,2,3},

lim P ( max ¢ (Gg) > 6§, max \/YTH@ZZ (Gs) < tn>

n—o0 Gs€Ca\Ca Gs€C2\Ca

< lim P ({ max ¥ (Gs) > 6, max /T, (Gs) < tn} N A) + P(A°)

=00 Gs€C2\Co Gs€Ca\Ca

>+5:5.

) ~ tn,
< lim P |- < max ;(Gs) <
n—00 2 Gs€Ca\Ca Tn

33



Since ¢ can be arbitrarily small, we have that

P( max ¢ (Gs) >0, max /T4y (%)sm) —0.

Gs€Ca\Ca Gs€Ca\Ca
This implies P(C; \ C; # @) — 0. Thus,

P(CAG)<P(G\G#2)+P(G\G#2) 0.

B.5 Partially Valid Instruments for Multivalued Ordered Treatments

Here we extend the analysis in Section 3.3 to multivalued ordered treatments. We follow
the setup in Section A.1. Consider the following generalized version of Definition 3.2.

Definition B.2 Suppose the instrument Z is pairwise valid for the (multivalued ordered)
treatment D with the largest validity pair set %5;. If there is a validity pair set

gM = {(Z/ﬁa Zk2)> (Zk2v Zkg)v SR (Zkaw ZkIVI)}

for some M > 0, then the instrument Z is called a partially valid instrument for the
treatment D. The set Zy; = {2k, ..., 2k, } is called a validity value set of Z.

Assumption B.1 The validity value set Z,; satisfies that

Elg(Z:)D;|Z: € Zy) — E[Dy| Z: € Za) - E[9(Z,)| Z: € Za1) 0. (B.24)

Suppose that we have access to a consistent estimator Z, of the validity value set Z,,,
that is, IP(:’:’\O = Zy) — 1. Then we can use 33\0 to construct a VSIV estimator, 51, for a
weighted average of ACRs based on model (3.14), where D is now a multivalued ordered
treatment. The following theorem presents the asymptotic properties of the VSIV esti-
mator, generalizing Theorem 3.3. Theorem B.1 is an extension of Theorem 2 of Imbens
and Angrist (1994) and Theorem 2 of Angrist and Imbens (1995) to the case where the
instrument is partially but not fully valid.

Theorem B.1 Suppose that the instrument Z is partially valid for the treatment D as defined
in Definition B.2 with a validity value set Z,; = {zy,, ..., 2k, }, and that the estimator é;

34



for Z,, satisfies IP’(Z) = Zy;) — 1. Under Assumptions A.2 and B.1, it follows that 51 20,
where

Elg(Z)Yi|Zi € Z2u] — EYi|Z; € Zul E g (Zi)|Zi € Zu]

0, = .
Y E[9(Z)D;|Z;i € Zy] — EDi|Z; € 2y E[g(Z)|Z; € 2]

Also, \/5(51—91) AN (0,33), where ¥y is provided in (B.25). In addition, the quantity ¢, can
be interpreted as the weighted average of { B, ks - - - Bky k. + defined in (A.1). Specifically,
0 = M 11 Bro 1 o, With

Mo =
[P (2his) = P (210)] St P (Zs = 21, Zi € 200) {9 (210sy) — E9(Z:) 1 Z; € 214}
SMP(Zi = 2| Zi € Zu) p (21) {9 (21) — E 9 (Z:) | Zi € 2]}

)

p(zx) = E[D;|Z; = z), and Z%:_ll o = 1.
Proof of Theorem B.1. By the formula of the VSIV estimator in (3.15),

nes Y 9(Z)Yil {Zi € z} — Yal r9(Z)1 {ZZ- € z}

n

é\l _ nn — b - :
%% i19(Z) Dil {Zi € Zo} - DQ\O% iz19(Zi)1 {Zi € Zo}

where
_ 1 <& — _ 1 <& _
Vs, =Y vit{ZeZ} and Dy ==Y D1 {Z e 2}
i=1 i=1
We first have

%gg(zi)m {ZZ- c Z]}

1 n
:ﬁzg(zi)yil {Z; € Zy} +
i1

1=1

LS savi{i{zen) -1z e zM}}]

with

%Zn:g(Zi)Yi{l{Zi Gé;} —-1{Z GZM}}

< %;m(zmu{é\o%z}w}.
Since n=' 3" | |g(Z;)Yi| & E|g(Z;)Yi|] and for every small ¢ > 0,
P(1{§07AZM} >g> :IP<§O;£ZM> 0,
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we have that

n n

%Zg(Zi))/;l{Zi62\0}:%Zg(Zi))/;l{ZiGZM}+Op(1)

i=1 =1

5 Elg(Z)Yil{Z € Zu}].

Recall that n, = ), 1{Z; € Z,}. Then we can show that n./n & P(Z, € Z)) as
n — oo. Similarly, we have that Yz 2 EYi1{Z € Zu}), Dz Y E(Di1{Z € 2y},
IS g (Z) 1 Z € Zo} B Elg(Z)14{Z € Zy}), and n 2 S0 g (Z:) Di1{Z; € Zo} B
Elg(Z;) D;1{Z; € Zj}]. Thus, it follows that

Elg(Z:)Yil{ZicZm}]  EYil{Zi€2Zm}] Elg(Zi)H{Zi€Zpm}]

/9\ 2 P(Z;€2 ) P(Z;€Zn) P(Z;€Zn) )
1 Elg(Z)Dil{Zi€Zm)] _ EDil{Zi€Zu)] Elg(Z)UZi€Zm)] &
P(Z;€Znr) P(Z;€Znr) P(Z;€2n)

Next, we derive the asymptotic distribution of \/5(51 —0,). Define a function f : R® - R
by )
_ x1/x6 — T3/ TG
x4/ — X523/ T2

f(x)

for every z € RS with x = (21, 2, 73, 74, T, :176)T such that f(z) is well defined. We can ob-

tain the gradient of f, denoted f/, by f' (x) = (f{ (x) . f3 () . f4 () , f} (2} , f2 () , f} (2))",
where

, Tg / —I3 , —XoX4Te + T5T1Tg
fl ( ) T4Te — T5T3 ’ .f2 ( ) T4Tg — T5T3 ’ .f3 ( ) (1'41’6 _ 1’51'3)2 )
T1Tg — T2X3) Tg T3 (L1Tg — T3 —T1T5T3 + ToX3Ty
i) =~ % gy = ) and £y (z) =

($4$6 - $5$3) ($4$6 - $5$3) ($4$6 - $5$3)2

for every x = (x1, 9, 23,74, 75, 2¢)" such that all the above derivatives are well defined.
Then we can rewrite

Vil — 00 = va{f (W) - rm},
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where

g (Z) Vil {ZZ- e Z)} Bl (Z)Yi{Z, ¢ 2}
PN E[Y1{Z, € Zu})
%Zyzl 9(Z;) Di1 {Zi S ZO} Elg(Z;) Dil{Z; € Zu}]
D E[Di1{Z; € Zy}]
%Z?:ll{zi 62\0} E[1{Z; € Zu}]

For every small ¢ > 0, we have (fl{é\o # Zyt > ¢) = IP’(Z) # Zy) — 0. With
n~t Yo g (Z) Y 2 E||lg (Z;)Y;]], we have that

n

—Zg Yl{Z 620}——29 VYi1{Z; € Zy}

—Zg [ {Z ezo}—l{z,-ezM}]

Zlg Wil (Vi {2 # 2w }) =0, (1)

=Vn

Similarly, we have that

(i)
9(Z)Y1{Zi € Zy} — Elg(Z,)Y:1{Zi € Zy}]
Yi1{Z € Zy} — E[Y:1{Z € Z\}]

lg

[
Z g(Zi)l{ZiGZM}_E{ E i) 1{Z; € Zu}] —0—0;,,(1)i> N (0,%),
) [

[

3|}—‘

9(Z;) Dil{Z; € 2y} — Elg(Z;) Dil{Z; € Zn}]
Di{Z € Zu} — E[Dil {Z; € Zu)]
1{Zi€ Zu} — E[1{Z; € Zy}]
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where & = E [VV7] and

9(Zi)Yil{Zi € Zu}t — Elg(Z) Yil{Z; € Zun}]
Yi1{Zi € Zy} — EYi1{Z; € Zy}]
9(Zi)1{Z;i € Zu} — Elg9(Z:) 1{Z; € Zu}]
9(Z) Dil{Z; € Zu} — E lg (%) Di1{Z; € Zu}]
Di1{Z; € Zy} — E[D;1{Z; € Zy}]
1{Z; € Zy} —E[1{Z; € Zy}]

By multivariate delta method, we have that
Vi =0 = v { £ (W) = r(m)} 5 70" N (0,9). (B.25)

Now we follow the strategy of Imbens and Angrist (1994) and have that

Elg(Z:)Yil{Zi € Zu}] EYil{Z € Zu}| Eg(Zi)1{Z; € Zu}]

P(Z; € Zu)  P(Z € Zy) P(Z; € Zy)
S P(Zi=2) BVl {Z € Zu} |7 = 2] {9 (2) 1 {a € 2} - BEIESSu ]
B P(Z; € Zu)

M
= P(Zi = %,|% € Zu) EYil Zi = 2,1 {9 (2,,) — E 9 (Z)1Zi € Zu} -
m=1

Then we write

NE

P(Zi = 2,,|Zi € Z2m) EYilZi = 2, {9 (2k,,) — E[9(Z:) | Zi € Zum]}

- P (Zi = ka+1|Zi € ZM) B [YZ‘ZZ = ka+1:| {g (z’fmﬂ) - L [g (ZZ> ‘Zi = ZM]}

=1

P(Zi = 2|2 € Z2m) E Y| Zi = 2] {9 (2r,) — E[9(Zi) | Z; € Zu]} - (B.26)

3
I

=
|

3

By (A.1), we have
EYi|Z; = 2z, ] = ﬁka ko (E [DilZ; = 24,1 — E[DilZi = 21,,)) + EYi| Zi = 2]

- Zﬂkl+1 ky D |Z - Zkl+1] —FE [DZ|ZZ = Zkl]) +E [)/;|ZZ = Zk1] )
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and thus it follows that
i |Zi € Z0) E Vil Zi = 21 ] {9 (2hpss) — El9(Zi) | Z; € 20}

= P (Zi = ka+1|Zi S ZM) {Zﬁkwhkl [p (ZkHl) _p(zklﬂ }

m=1 =1

{0 Grr) = Blo (2012, € 20} |
M—-1

+ P (ZZ = kaJrl‘Zi c ZM) E[Y;‘ZZ = Zkl] {g (ka+1) —F [g (Zz) ‘ZZ S ZM]} .
m=1

By (B.26), this implies that

P(Zi = 2,,|Zi € Z2m) EYilZi = 2, {9 (2k,,) — E[9(Z:) | Zi € Zum]}

1=

M1 »
= P (Zi = ka+1|Zi S ZM) { Z 5’91“,’91 [p (Zkl+1) -p (Zkz)] }
m=1 =1
{0 Gror) - Elo (20120 20} |, 8.27)

where we use SN P (Z; = 2., |Zi € Zm) {9 (=) — E [g(Z:) | Zi € Zu)} = 0. By rewriting
(B.27), we obtain

M-1

P (Zi = Zkmt1 |Zi € ZM {Z ﬁlirl kz Zkz+1 —-Pp (Zkz)} } g (ka+1)
=P (Zi = 21,1 Zi € Z0) {Brokr [P (2h2) — P (201} T (28,) + -+

+P (Zi = Rk |Zi S ZM {Z Bsz kz Zkl+1 -Pp (zkz)} } g (sz)

M-—1 M-1
= Z {5km+lykm [p (ka+1) -P (ka)] Z P (Z Zkz+1|Z € ZM) (Zkz+1)} )
m=1 l=m

where g (2) = g(2) — E[g(Z;) |Z; € Z)] for all z. Similarly, we have

Elg(Z;) Dil{Z; € Zy}]  E[D1{Z; € Zy}| Elg(Z;)1{Z; € Zy}]
P(Z; € Zu)  P(Z € Zy) P(Z; € Zu)

=Y P(Z = 2,|% € Zu)p (a1,) {9 (30) = El9(Z) |2 € 20}
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which is nonzero by Assumption B.1. Thus, we have 0, = fo 11 Lo B i1k, With

[[’Lm g
[P (2t01) =P ()] Sl P (Zi = 20,1 %0 € Z2u) {9 (3000) — Elg (Z0) | Z: € Zul}
M P (Z; = 2| Zi € Zu)p (2) {9 () — B9 (Z:) | Z: € 2u]}

Now we show that ZM 11 im = 1. First, we have that

M-1 M-1
> [0 ) =2 (20)] D P (Zi = 2,1 %1 € Zu1) {9 (2,) — El9(Z:) 1 Z: € Zu)}
m=1 l=m
M-1
[p Zkz Zkl Z P(Z; = Zkl+1|Z S ZJV[) {g (Zkl+1) -k [g (Zz) |ZZ S ZM]} T

+ [p (sz) -Pp (Zkal)} P(Zi = ZkM‘Zi S ZM) {g (ZkM) —F [g (ZZ) ‘Zi S ZM]}

:ZIP’(ZZ- = 2| Zi € Z2u) p (o) {9 (21,) — E'lg (Z) |Z; € 20}
p(2) > P (Zi = 2|2 € 2m) {9 () — E g (Zi)|Z; € Zu]}

Zi = 2| Zi € Zu) p(2) {9 (20) — Elg (Zi) | Zi € Zul}

||M§

where we use the equality that > P (Z; = 2, |Z; € Zu) {9 (21,) — El9(Z:)|Zi € Zu]} =
0. This implies that ZM 11 ey = 1. B

C Proofs and Supplementary Results for Appendix A.2

C.1 Proofs for Appendix A.2

Proof of Lemma A.2. (i) < (ii). We closely follow the proof for “(i) < (ii)” in Theorem
T-3 of Heckman and Pinto (2018). By Lemma L-5 of Heckman and Pinto (2018), if By i)
is lonesum, then no 2 x 2 sub-matrix of B, ) takes the form

10 01
<01>0r<10>. (C.1)
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Since By = H{ K@ wR = d}, (i) = (ii). Suppose (ii) holds. Then no 2 x 2 sub-matrix
of By iy takes the form in (C.1) by the definition of By ). By Lemmas L-6 and L-8 of
Heckman and Pinto (2018), (i) holds.

(i) = (iii) = (ii). If for every d € D, By x) is lonesum, by Lemma L-9 of Heckman and
Pinto (2018),

Bd(k,k’) (1, l) S Bd(k,k’) (2, l) fOI' all l, or Bd(k7kl) (1, l) Z Bd(k,k’) (2, l) fOI' all l.

Because the value of (D, , D, ) must be equal to (K. iR (1,1), KR (2,1)) for some [,
it follows that

1{D., =d} <1{D,,=d} or1{D,, =d} >1{D.,, =d}.

2yt

Thus the following sub-matrices will not occur in K, 1) R:
d d d d
or ,
d// d d d//

Proof of Theorem A.3. The proof follows a strategy similar to that of the proof of
Theorem T-6 in Heckman and Pinto (2018). We first write

where d #dand d’ # d. m

P (M) S € Saww) (1) = baww) (8) Pse). (C.2)
Also, since

E [H (Yd(zk, Zkr)) 1 {M(M/)S - Ed(k,k’) (T,)H
=F [E [H (Yd(zk, Zk/)) 1 {M(k,k/)S S Zd(ka) (t)} ‘1 {M(k,k/)S S Zd(ka) (t)}ﬂ
=E [k (Ya(zk, 21)) [M ek S € Sagery (1)) - P (Mg S € Sapeur (1))

and

E [k (Ya(zk, 21)) L {M (1) S € Sy () }]
Lge, k)

=B |k (Ya(zk, 2x)) Z L{MpyS = s1} 1{s1 € Sagery (£) } | = bar) (t) Qsir) (d)

=1
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we have that

~ bagery () Qs (d)

E [k (Ya(zk, 21)) [MeenS € Sagry (8)] = bates () Psirrn (C.3)

Now we suppose (2, 2ir) € Z3;. By definition, we have Py, 1) (d) = Bagi) Ps(rr) and
Qz(k,y (d) = Bagkw)yQs iy (d), so by Lemma L-2 of Heckman and Pinto (2018),

batiaey () Py = batieae) () | B Pt (@) + (I = By Batwar) Ae | and

bak,kry (£) Qs (d) = bag) (t) [Bi(k,k/)QZ(k,k') (d) + (f = Bi(k,de(k,k')) )‘Q} :

where \p and )\ are some real-valued vectors.

We next show that by () [ — B:zr(k,kf)Bd(k,k’)] = 0. First, by the proof of Lemma
L-16 of Heckman and Pinto (2018) and Lemma A.2 in this paper, if By (-,1) and
By (+,1") have the same sum, then these two vectors are identical. Thus, by the def-
inition of the set Xy ) (t), for all s, sp € Zgun) (1), Bagw) (1) = By (-,1'). Let
Ca(ki) (t) = Bagw) (-, 1) with [ satisfying that s; € g4, (t), where s; is the [th column
of Ky R. Let Capepry = (Cageery(1), Caery(2)) be the matrix that consists of all unique
nonzero vectors in By, ). Then clearly Cy 4y has full column rank and ngh ) Ca(h )
has full rank. Thus, (C’dT(k’k,)Cd(k,k/))‘l exists. Let Dy py = (bagi i) ", baeery(2)7)". Since
by the definition of bk (), baer) (t) - bag, k) (t’)T = 0fort #t', Dyu iy has full row rank
and (Dd(hk/)Dg(k’k,))‘l exists. We then decompose By xy = Caey + Dagepry->°

Now by similar proof of Lemma L-17 of Heckman and Pinto (2018), we can show that
the Moore-Penrose pseudo inverse of By i is

B;—(ng,) — DCIl@k’) (Dd(k,k/)Dcﬂk’k’))_l(Cg&k,k’)Cd(k,k/))_lccﬂk’k’) .

For t € {1,2}, we can write by ) (t) = e;Dq. i1y, Where e, is a row vector in which the ¢th
element is 1 and the other element is 0. Then we have that

bagrwry () (1 = By oy Bagk o)) = bagw,ey () — bageary (8) Big oy Bagw,)
= bagwr) (t) = €eDagie iy Do oy (Datgieiry Dot iry) ™ (Caoser Caatrenn)) ™ Cotgioiry Cateter) * Doy
—0.

Pwithout loss of generality, we assume that both Car,iy(1) and Cyy 1y (2) exist.
20Gee Remark A.3 of Heckman and Pinto (2018).
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This implies that by, i) (t) Psgeky and bae iy (t) @sii) (d) can be identified by

bakr) (t) Ps(r,kry = bage,rry (t) B;[(M,)Pz(k,k') (d)
and b i)y (t) Qskkry (4) = bagekry (8) By pn Qz ki) () -

Thus, (C.2) and (C.3) show that

P (Mew)S € Saqea) (8)) = bageay (8) By i Pz ) (d)
Dage ey () Biigo iy @z k) (d)

d E Y ’ / S Z ! t =
and E [k (Ya(zx, 210)) [Mp)S € Zage) (t)] Dakkry (8) By iy Pz (d)

are identified. Define
Zpi: (]_{ZZ:Zl},,l{ZZ :ZK}),

PDZi(d) = (I{DlzdaZz:'zl}>al{Dz:daZz:ZK})T foralld,
Qvozs (d) = (5 (V) L{Dy = d.Z = 21} .5 (V) 1{Ds = d. Z, = 2})" foralld

and
T

Wi = (Zpis Pozi ()" .., Pozi (d))" , Qrozi ()" ..., Qv (d5)")
By multivariate central limit theorem, \/ﬁ(/W - W) 4N (0, Xy ), where
Sw = E[(W; = W)(W; = W)], (C.4)

and therefore W & W. Also, for every ¢ > 0, P(vn|1(Z5) — 1(Z)|. > ) < P(Z #
%) — 0 by assumption. Then, by Lemma 1.10.2(iii) and Example 1.4.7 (Slutsky’s
lemma) of van der Vaart and Wellner (1996),

vid (Fra@r) - a2’ h S (Vom0 o)

Proof of Lemma A.3. If (2, 2ir) € 23 and Xgp iy (1) = Sargepny ('), then Y., = Yz, 2ir)
a.s. and Yy, , = Yy (21, z1r) a.s. By (A.7), it follows that

Blew (d, d' t,8') = batkw) (£) By @z k) (d)  bargewy (V) B i Qzer) () (C.5)
kK’ sy Wy by - - . .
) batr) (8) By o Pty () bariery (V') By pny Py ()

If (2i, 210) & 21 OF X pr)(t) # S sy (1), clearly the lemma holds. m
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Proof of Theorem A.4. The proof is similar to that of Theorem A.2. =

C.2 Definition and Estimation of 2
C.2.1 Definition and Estimation of %

Following Sun (2021), we provide the definitions of 2 and its estimator. Suppose the
instrument Z is pairwise valid with 2y = {(z,, 211), - - -, (2ky,, 20 )} Fix (2, 2') € Zj;. For
everyd € D,if 1{D, =d} <1{D, = d} a.s., we have that

P(Y € B,D=d|Z =7)=E[1{Yy(z,7) € B} x 1{D,, = d}]
< E[1{Yy(2,2) € BYx1{D.=d}]=P(Y € B,D=d|Z=2) (C.6)

for all Borel sets B. Denote 27 J-dimensional different binary vectors by vy, . .., v,s, where
1 1
0 1
V1 = . , Vg = . youey,Ugg =
0 0 1

Let£L:D —{l,...,J} mapd € D to d’s index in D so that if d = d;, we have L(d) = j. For

every q € {1,...,27}, define f, : {d,...,d;} — {1,—-1} by f,(d) = (—1)"“D)_ For every

fixed (z,2') € Z;, thereis g € {1,...,27} such that
fod)-{P(YeEBD=dZ=2)-P(Y €B,D=d|Z=2)}<0

for all d € D and all closed intervals B. Then for all ¢ € {1,...,27}, define

H, = {f,(d) - 1px{ayxr : B is a closed interval in R, d € D} and
H, = {f,(d) - 1pxqayxr : B is a closed, open, or half-closed interval in R, d € D} .

Furthermore, define the following function spaces

G = { (Irxmxis) loxmx(ay) : gk € {1,..., K}, j <k}, H=U2 H, and H = U* 1,

q=

(C.7)
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Let P and P be defined as in Section 4. Let ¢, 02, ¢, and 52 be defined in a way similar
to that in Section 4 but for all (h,g) € H x G. Also, we let A(P) = [, P(lpxrx{z}) and
T, =n- Hk . (1RxRX{2k}) By similar proof of Lemma 3.1 in Sun (2021), o2 and 52 are
uniformly bounded in (h, g) € H x G.

The following lemma reformulates the testable restrictions in terms of ¢.

Lemma C.1 Suppose that the instrument Z is pairwise valid for the treatment D with the
largest validitypair set 251 = {(2r1s 21y), - -5 (2hy, 20 )} Foreverym € {1,..., M}, we have

Proof of Lemma C.1. Since we can find « € R and d € D such that P (1{4)x{ayxr) = 0,
then we have sup,cy, ¢ (h,g) > 0 for every ¢ and every g € G. So for every g € G,

-----

deD.Fixme {1, e M} Under assumption, for every d € D, we have

P(th'gz) P(th'g1)

I _ < :
¢ (hpa, g) = P(g) P o) 0 for every closed interval B,
—P(hpa-92) —P(hpq-g1) .
— <
or ¢ (—hpg,g) = (02) ™ 0 for every closed interval B,

where g1 = lrxrx{z,, 1> 92 = 1RxRX{Zk, p,and g = (gl, g2). This implies that there is H, such

By Lemma C.1, we define

G, = €G: min su h,g) =0 nd
! {g q€{l,..., 2]}hel}l)q¢( 9) = }
¢ (h,9)
min  sup ——————
qe{1,...,27} hqu §oVa(h,g)

az{gee JTo

< Tn} (C.8)

with 7, — oo and 7,,/v/n — 0 as n — oo, where &, is a small positive number. We define

% as the collection of all (z, 2’) that are associated with some g € Gy:

LA ={(zk,20) € Z 1 g = (Irxrx{zn}s LRxRx{z}) € G1} - (C.9)

We use é\l to construct the estimator of %, denoted by %], which is defined as the set of
all (z, 2’) that are associated with some g € (/}\1 in the same way 2 is defined based on G:

:@21 = {(Zk,Zk') €Z:g= (1]R><R><{zk}a 1]R><R><{zk/}) S (}\1} (C.10)
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To derive the desired consistency result, we state and prove an additional auxiliary
lemma.

Lemma C.2 Under Assumption A.6, ¢ — ¢, T,/n — A(P), and & — o almost uniformly.
In addition, \/Tn@ — ¢) ~ G for some random element G, and for all (h,g) € H x G with
g = (g1, g2), the variance Var (G (h, g)) = o*(h, g).

Proof of Lemma C.2. Note that the spaces H and G defined in (C.7) are similar to the
spaces H and Gp defined in (B.13). The lemma can be proved following a strategy similar
to that of the proof of Lemma B.3. =

Proposition C.1 Suppose the instrument Z is pairwise valid for the treatment D as defined
in Definition A.2. Under Assumption A.6, P(é\l = G1) — 1, and thus IP’(:@% =2)— 1L

Proof of Proposition C.1. First, suppose G; # @. Then we have that

min sup{¢ (h,g)/(& Vo (h,g))} =0

q€{1,....27} heH,
for all g € G;. Under the constructions, we have that

Jim P (GG 7 2)

o(h.g)

) min ey 971 SUP o
< lim P max T, .qE{ w27} PEEheH, Eovg((hvgg)) > Tn>
noee \IE — MiNge(, 27} SUPheH, Zva(h,g)

é(h.g)
7777 27 _Suph H, 2 v&a(h o)
=lim P max\/ﬁ } €Hq &oVa(h,g)

n—00 g€G1 _ 3(h.g)
+ maxXgeq1,... 27} SUDheH, & va(h.g)

&mw—¢Wy>>%>,

50 \% o (h7 g)
By Lemma C.2, /T,(¢ — ¢) ~ G and & — o almost uniformly, which implies that
o ~ o by Lemmas 1.9.3(ii) and 1.10.2(iii) of van der Vaart and Wellner (1996). Then
by Example 1.4.7 (Slutsky’s lemma) and Theorem 1.3.6 (continuous mapping) of van der
Vaart and Wellner (1996),

> Ty

< lim P | maxsup /1,

n—o00 9€G1 peH

ég(ha g) B ¢ (h> g)
50 \ a\(ha g)

max sup \/ﬁ

9€G1 heH

~~ max sup
9€G1 heH

G (h, g) ‘
gOVU(hvg) .
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Since 7,, — oo, we have that lim,, ., P(Gy \ (/}\1 # @) = 0.

If G; = G, then clearly lim,, . IP’((/}\l \ G; # @) = 0. Suppose now G; # G. Since G is a
finite set and ¢ is uniformly bounded, then there is a § > 0 such that

¢ (h,g)

min  sup

— 1 >
¢€{1,...2"} hert, S0 V 0 (R, 9)

min
g€G\G1

By Lemma C.2, ¢ — ¢ almost uniformly. Thus, for every € > 0, there is a measurable set A
with P(A) > 1 — ¢ such that for sufficiently large n,

& (h h 5
max min  sup M — M < = (C.1D
9€G |[qe{1,..27} hen, & V 0 (h, g) 4€{1,.,27} hert, o V 0 (R, 9) 2
uniformly on A. We now have that
lim P((Tl\(;l %@)
n—oo
: #(h.g)
max - Milgei,.. 27} SUDheH, 7ovsih.o) >5}
< lim P { 9€G1\C1 | g€ } heH gova(;hfg) + P(A°)
n—00 {maxgea\Gl T, qe{1,..,27} SUPpeq, 760\/8(’}”]) < Tn} NA
S h )
<lim P \/ < max \/ min M < — 7 +e=c¢,
n—00 9€G1\G1 ST 2]}hqu Vo (h 9) \/ﬁ

because 7,,/v/n — 0 as n — oo. Here, ¢ can be arbitrarily small. Thus we have that
IP)((/}\l = G;) — 1, because P(G; \ Gy # @) — 0 and IP)((/}\l \G; # @) —0.

Second, suppose G; = @. This implies that

min  sup ¢ (h.9)

—7 >
a€{1,...27} her, o V 0 (R, g)

min
geG

for some ¢ > 0. Thus, with (C.11) we now have that

n—oo

lim IP’((/}\l #+ @)
9)

o(h,
< im P {maxgeG ‘mmqe{l ..... 27} SUPneH, Eovah.g)

h
n—00 {maxgeg \/T mlnqe{l ..... 271 Suphqu 55\)/(07(5)9)‘ . Tn} n4

< lim P (\/ - < maX\/ min  sup ¢(h 9)
n—oo QEGl

qe{1...2"} her, S0 VO (B, g)| —
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because 7,,/y/n — 0 as n — oo. Here, ¢ can be arbitrarily small. Thus, IP’((/}\l =Gy =
1-PG #9) > 1. m

Proposition C.1 is also related to the contact set estimation in Sun (2021). Since G is a
finite set, we can obtain the stronger result in Proposition C.1, that is, IP)((/}\l =Gy) — 1.

C.2.2 Definition and Estimation of 25

The definition of % is the same as that in Appendix B.4.2 because the necessary condi-
tions provided by Kédagni and Mourifié (2020) are for the exclusion and statistical inde-
pendence conditions only. Therefore, the estimator of 25 can be constructed as in Section
B.4.2.
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